MAS221 Analysis (Semester 1)— Solutions to Problems 55 to 65

95.

96.

o7.

o8.

99.

60.

For each of (a) to (e), the function is continuous at each point of its
domain.

(a) i. By Theorem 1.3.1, if (z,,) is any sequence in Dy that converges
to a,

0 <|Ifl(a) = |fl(z)l = [[f(a) = [f(2nl]

< [f(a) = f(wn)| = 0 as n — oo,

as f is continuous. So by the sandwich rule, lim,,_, | f|(x,) =
|f|(a), and so f is continuous.

ii. By Problem 46 and (i), lim, ., \/|f|(z) = /| f|(a).

(b) It is continuous on (0,00) by (ii). The problem with z = 0 is a
subtle one. The point 0 violates the domain condition mentioned
in the footnote at the beginning of section 3.2. From another point
of view, we cannot take left limits, as square roots of negative
numbers are not real numbers. But you can check that z — \/x
is right continuous at z = 0.

Let (x,) be a sequence in D, that converges to a, then since g is con-
tinuous we have lim,,_,, g(x,) = g(a). But f is continuous at g(a) and
so lim,, o f(g(z,)) = f(g(a)), and the result follows.

(fog)(x) = 13 for all z € R. Tt is continuous on R by Theorem 4.1.2
(4).

(go f)(x) =1+1/2* for all z € D; = R\ {0}. It is continuous on
R\ {0} by Theorem 4.1.2 (4).

(a) Continuous on R\ {1}. Jump discontinuity at 1 with J;(1) = 1.

(b) Continuous on R\ Z. Jump discontinuity at n with Jy(n) =1 for
all n € Z.

(c¢) Continuous at R\ {0,1,2}. Each of 0, 1,2 is a jump discontinuity
and we have J,(0) = =5, J,(1) =12, J,(2) = —7.

(a) For z # 0, f(x) = o + 2. Since lim, o f(z) = 2, the required
continuous extension is f where
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(b) The domain is R\ {—2,2}. For = # 2, -2, f(x) = %
x
which is a rational function, and hence continuous on its domain.
lim, , o f(z) does not exist. To see this consider the sequence
(), whose nth term is —2 4+ 1/n, and check that

b

f(z,) =n(—4 —2/n+1/n*) = —oo when n — oo

Thus f has no continuous extension to the point x = —2. But
on the other hand, lim, ., f(x) = 3, and so f has a continuous
extension f to R\ {—2} given by

3 —8
2

Jay=q 1
3 if v =2.

if x #2

Assume g(a) > 0 and that the given statement is false. Then, in
particular, for all n € N there exists z,, € (a — 1/n,a + 1/n) so that
g(x,) < 0. By (for example) the sandwich rule, we have lim,,_, x,, =
a. Then by continuity of g at a we have g(a) = lim, o g(z,) < 0
(using Problem 31(b)), and we have our desired contradiction. The
case g(a) < 0 is proved similarly, or just apply the result just proved
to the function —g.

(a) f
a ifa>0b
max{a, b} = { b ifa<b.

On the other hand,

| ! slatb)+3(a—b) =a ifa>D
2(a+b)—|—2|a bl {%(a—i—b)—l—%(b—a) =b ifa<,

and the result follows.
Then for all z € Dy N Dy,

max{f, g}(z) = %(f(m) +g(z)) + %!f(x) —g(z)l,

and continuity follows by Theorem 4.1.2 (1), Problem 56(a)(i) and
then Theorem 4.1.2 (1) again.
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(b) Check that for all a,b € R,
1 1
min{a, b} = i(a +0b) — 5]@ — bl

and then argue as in (a), or derive (b) from (a) by using min{ f, g} =
—max{—f, —g}.

(a) £(0) = F(0+0) = F(0) + F(0) = 2/(0), hence £(0) = 0.

(b) By (a), 0= f(0) = f(z + —x) = f(z) + f(—x).

(¢) If a # 0 then any sequence (z,) which converges to a can be
written as x,, = a + y, where (y,,) converges to zero. Then by (a)

Tim f(z,) = lim flatyn) = f(a)+ lim f(ya) = f(a)+f(0) = f(a).

(d) Assume n € N and use induction. It is true for n = 1. Assume it
holds for some n € N, then

Fn+1)=f(n)+ f(1) = nk+k = (n+ 1)k.

If n <0, apply (b) to the result just proved.

(e) By (d), if p > 0,pk = f(p) = f(a-p/q) = af(p/q), and the result
follows. If p < 0, use (b).

(f) Suppose that z is irrational. Then we can find a sequence (p,/qn)
of rational numbers that converges to z (see e.g. Example 4.4 in
the notes). Then using (e), we have

f(x) = lim f(pn/qn) =k lim p, /g, = k.

Suppose that z € Q. Then as in Example 4.4 we can find a sequence
(z,) of irrationals that converges to x and then

Tim g(zn) = 0 # g(2),
and so g cannot be continuous at x.

The function 1,y is left continuous at a (but not right continuous),
and right continuous at b (but not left continuous). To prove the left
continuity, let (x,) be any sequence in R which converges to a with
r, < a for all n € N. Then lim, o Lap(zn) = 0 = Ly (a). On
the other hand to see that it is not right continuous, let (y,) be any
sequence in R which converges to a with a < y, < b for all n € N.
Tnen limy, 00 L(ap)(Yn) = 1 # 1 (a). The other assertion is proved
similarly.

[Contrast this with 1j,4, which was discussed in the notes.|



