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Abstract

We introduce a class of central symmetric infinitely divisible prob-
ability measures on compact Lie groups by lifting the characteristic ex-
ponent from the real line via the Casimir operator. The class includes
Gauss, Laplace and stable-type measures. We find conditions for such
a measure to have a smooth density and give examples. The Hunt
semigroup and generator of convolution semigroups of measures are
represented as pseudo-differential operators. For sufficiently regular
convolution semigroups, the transition kernel has a tractable Fourier
expansion and the density at the neutral element may be expressed as
the trace of the Hunt semigroup. We compute the short time asymp-
totics of the density at the neutral element for the Cauchy distribution
on the d-torus, on SU(2) and on SO0(3), where we find markedly dif-
ferent behaviour than is the case for the usual heat kernel.
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1 Introduction

The heat kernel on a compact Riemannian manifold has been the subject of
extensive investigations by analysts, geometers and probabilists. One reason
for this is that its small and large time asymptotic expansions contain impor-
tant topological and geometric information (see e.g. [32]). Another reason is
that it is the transition density of manifold-valued Brownian motion which is
a stochastic process of intrinsic interest (see e.g. [10]). If the manifold is a Lie
group then the heat kernel is naturally related to Dedekind’s eta function via
Macdonald’s identities (see [12]). In this paper we will mainly be concerned
with compact Lie groups. In this case the heat kernel is naturally associated
to a vaguely (or equivalently, weakly) continuous convolution semigroup of
probability measures which we’ll refer to as the “heat semigroup” in the
sequel.

The study of the entire class of such convolution semigroups has had a
long development (see e.g. [20], [19], [5]). From a probabilistic point of view
they correspond to Lévy processes, i.e. stochastic processes with stationary
and independent increments. Compared to Brownian motion which has con-
tinuous sample paths (with probability one) the paths of the generic Lévy
process are only right continuous and have jump discontinuities of arbitrary
size occurring at random times.

The purpose of this paper is to study a class of convolution semigroups
which on the one hand, are sufficiently close in structure to the heat semi-
group to enable us to do some interesting analysis and on the other hand, are
sufficiently broad as to display all the interesting features that one finds with
a generic Lévy process. The first observation is that measures comprising the
heat semigroup are central and so we focus on this class. Its worth pointing
out that that central measures as a class have also received some attention
from analysts (see e.g. [31], [16]). Secondly we remark that if (u,¢ > 0)
is the heat semigroup then its non-commutative Fourier transform (see [17],
[36] for background on this concept) takes the form /i (7) = e~ 257 I, at the ir-
reducible representation m where —k, I is the Casimir operator. But © — “—22
is the negative-definite function on the real line associated with the standard
Gaussian measure. The generalisation that we make here is to consider a
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class of semigroups that are given by the prescription jiy(w) = e M) [
where 7 is a symmetric negative definite function. Other examples of mea-
sures subsumed within this class include the Laplace distribution on a Lie
group, which has been utilised in recent statistical work on the problem of
deconvolution (see e.g. [26], [24]) and analogues of stable laws. Indeed any
semigroup of probability measures that is obtained by subordinating the heat



semigroup belongs to this class. We study these measures both from the sta-
tic perspective, where the emphasis is on a single infinitely divisible measure,
and the dynamic perspective where we focus on an entire semigroup.

The organisation of this paper is as follows. In section 2, we study central
probability measures, introduce our main class and examine some examples.
In section 3 we use Sobolev spaces to find conditions on our induced measures
which enable them to have a smooth density. In section 4 we turn our at-
tention to convolution semigroups and the associated semigroup of operators
(the Hunt semigroup) on the L? space of normalised Haar measure. When
G is a Euclidean space it is known (see [22], Chapter 3 of [4]) that these
operators, and their generators, can be realised as pseudo-differential opera-
tors. Using Peter-Weyl theory, Ruzhansky and Turunen [33] have developed
an intrinsic theory of pseudo-differential operators on compact groups. We
adapt this theory to our needs and show that the Hunt semigroup and its
generator are pseudo-differential operators in the sense of Ruzhansky and
Turunen. This part of the work is carried out in full generality. In the case
of our induced class, we show that the generator has the same Sobolev regu-
larity as the Laplacian. Although these results have an analytic flavour, they
are important for probabilists as they indicate a route to investigate general
classes of Feller-Markov processes on compact Lie groups using the symbol
of the generator as the key tool (see [23] for an account of this theory in the
case where G is Euclidean space.)

In section 5, we investigate the transition kernel for convolution semi-
groups of central measures. We remark that the first investigation of den-
sities for such measures (under a hypo-ellipticity condition that we don’t
require here) were made by Liao in [28] (see also Theorem 4.4 in [29] p.96.)
A necessary and sufficient condition for the semigroup to be trace-class for
any positive time is that the corresponding probability measure has a square-
integrable density [5]. We compute the trace in both the main L*-space and
the subspace of central functions. In the former case, the co-ordinate func-
tions form a complete set of eigenvectors for the Hunt semigroup. Comparing
the traces in these two spaces leads to an interesting inequality for transition
kernels which appears to be new even in the heat kernel case. Finally in
section 6, we study the small time asymptotics of the transition kernel in the
case of the Cauchy distribution on the d-torus, on SU(2) and on SO(3) and
show that it blows up much faster than the heat kernel.

Acknowledgements. T would like to thank Natesh Pillai for many useful
discussions and Ming Liao and Michael Ruzhansky for helpful comments.
Both René Schilling and Rodrigo Banuelos provided very valuable remarks
after I presented a talk based on part of this paper at the 2010 Lévy processes



conference in Dresden. Last, but not least, I am grateful to the referee for
his careful reading and a number of helpful observations.

2 Infinite Divisibility of Central Measures

Let G be a compact group with neutral element e and let M(G) be the set
of all probability measures defined on (G,B(G)) where B(G) is the Borel
o-algebra of G. We say that u € M(G) is central ( or conjugate-invariant)
if ploAo™t) = u(A) for all 0 € G, A € B(G) and u is said to be symmetric
if p(A=1) = u(A) for all A € B(G). Let M.(G) (M,(G)) be the subsets
of M(G) comprising central (symmetric) measures (respectively) and define
M s(G) := M (G) N M4(G). Normalised Haar measure on G will always
be denoted do when integrating functions of o € G.

Let G be the set of all equivalence classes of irreducible representations of
G. We will, without further comment, frequently identify equivalence classes
with a particular representative element when there is no loss of generality.
The trivial representation will always be denoted by 0. Each m € G acts
as a d; X d, unitary matrix on a complex linear space V, having dimension
d,. We define the Fourier transform of each p € M(G) to be the Bochner
integral

mmzljwM@m

where 7 € G. We will frequently use the well-known and easily verified fact
that

— ~

FEv(m) = (m)(m),

for all 1,y € M(G), 7 € G, where * denotes convolution of measures.
Suppose we are given p € M(G). It is shown in [34] that p € M.(G) if
and only if for each m € G there exists ¢, € C such that

() = el (2.1)

where I; is the identity matrix acting on V. Indeed this is a straightforward
consequence of Schur’s lemma. Moreover one has the formula,

%:%LMwww, (2.2)

where x,(-) := tr(m(-)) is the group character.



It is well-known (and easily verified) that p € My(G) if and only of
p(m) is self-adjoint for all = € G. Consequently p € M (G) if and only if
fi(7) = cx 1, with ¢, € R for all 7 € G.

A probability measure p is infinitely divisible if for each n € N there exists
vy, € M(G) such that v™ = u. In this case we write fL = vy

Proposition 2.1 If G is a compact Lie group and p € M.(G) is infinitely
divisible then for each m € G there exists a; < 0 such that ji(m) = e* .

Proof. By the results on pp.220-1 of [19], u may be embedded as p; into a
vaguely continuous convolution semigroup of probability measures (p,t > 0)
where 1 is normalised Haar measure on a closed subgroup H of G. It follows
(see [1], [30]) that for each m € G, (fi(mw),t > 0) is a strongly continuous
contraction semigroup of matrices acting on V. and so we may write ji(7) =
fio(m)et4 for all t > 0 where A is a dy x d, matrix. Now since j; € M.(G)
there exists A; € R such that

() = fo(m)e™ = Aol (%)

If \; = 0, the required result holds with o, = —o0 so assume that \; # 0.
Since 1 = p1 * pg we have

fio(m)e fio(7) = Axly.
On the other hand, post-multiplying both sides of (*) by fig(7) yields
fio(m)e’ fio () = Axfio (7).

It follows that fip(7) = I, and hence H = {e}. We then have A, = a, I,
where a; € R and A\, = e* . But f1(7) is a contraction on V, and hence
a; <0. ]

Example. The Compound Poisson Distribution. Consider the probability
measure /1y, where v is a given probability measure on G and A > 0. This
is defined by

o0
_ A"
pan =€y =y
’ n!
n=0

It is well known (see e.g. [34]) that for all 7 € G,

firy (1) = exp{A(Y(m) — Ix)}.



Proposition 2.2 1. The measure jiy~ ts central if and only if v is.

2. The measure 1y is symmetric if and only if v is.

Proof.

1. The if part is straightforward and is established in Proposition 4 of [34].
Conversely if py - is central then for all g € G, 7 € G
(9)ina (m)m(g™") = finy (7),

and so

s (1) = exp DA (r(g)A(mm(g™) — [)}.

Now by uniqueness of Fourier transforms and injectivity of the expo-
nential map on matrices, we have

forallge G,7m € G and the result follows.

2. This result is proved similarly using the fact that a probability measure
is symmetric if and only if its Fourier transform comprises self-adjoint
matrices.

O

It follows that a central probability measure p is a compound Poisson
distribution if and only if there exists A > (0 and a central probability measure
v with 7(7) = b, I for all 7 € G such that

p(m) = exp{A(bx — 1)1} (2.3)
We now introduce a class of central symmetric measures which are key
to this paper. For this part we assume that G is a compact Lie group. Let p

be a symmetric infinitely divisible probability measure on R. Then we have
the Lévy-Khintchine formula

/quxp(d.f) _ e—n(u)7
R

where
1

o) = gt + [ (1 o)) (2.4
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where 0 > 0 and v is a symmetric Lévy measure on R — {0}, i.e. a o-finite
Borel symmetric measure for which fRf{O} min{1, |z|*}v(dz) < oo (see e.g.
[6].) ~

For each m € G let K, be the Casimir operator acting in V,. Then
K, = —k I, where k; > 0 with x, = 0 if and only if 7 = §. If pis a
probability measure on G for which

1
i(m) = e "L (2.5)

we say that p is a central symmetric probability measure on G induced by
an infinitely divisible probability measure on R and we write p € CIDg(G).

The following two examples have been applied to statistical inference on
groups (see e.g. [24], [26].)

Example 1. Gaussian measure. Here we take v = 0 and so ¢, =
exp {—%O'QI{W}. Gaussian measure is embeddable into the Brownian motion
or heat semigroup of measures for which j,(7) = exp {—%02/€7r} for t >0
which has been extensively studied by both analysts and probabilists.

Example 2. The Laplace distribution on G. Here we take o = 0,v(dx) =

ool F
Tdm (with 8 > 0) and ¢, = (1 + %k,)"" (see [35], p.98 for a

discussion of the underlying distribution on R).

Now consider a central symmetric compound Poisson distribution sy .
We consider conditions under which py, € CIDg(G). First take 0 = 0 and
v to be a finite symmetric measure in (2.4) and rewrite

w0 =2 [ 1= cosu)o(ay)

where A := v(R — {0}) and o(-) := jv(-). For pu,, € CIDg(G) with this

|

value of X we require that b, = g(x?) in (2.3) where g(u) = [ cos(uz)v(dzx).
For example if we take v to be a constant multiple of a centred Gaussian
measure with variance o on R then b, = exp {—10%k,}.

We now consider an important subclass of measures in CIDg(G). Let
(p/,t > 0) be the law of a subordinator with associated Bernstein function
f:(0,00) — [0,00) so that (p/,t > 0) is a vaguely continuous convolution
semigroup of probability measures on [0, 00) and for each t > 0,u > 0,

/ e~ pf (ds) = e, (2.6)
0



and f has the generic form

f(u) = au+ / (1— e ™)\ (dy).

(0,00)

where a > 0 and f(O,oo) min{1l, y}A(dy) < oo (see e.g. [35], section 30 and
[4], section 1.3.2 for details.) It is straightforward to verify that if (u,t >
0) is a vaguely continuous convolution semigroups of measures on G and
(p{ ,t > 0) is a subordinator as above then we get another vaguely continuous
convolution semigroups of measures on G' which we denote (,u{ .t > 0) via
the vague integral

Wl (4) = / " (Ao (ds),

for A € B(G). Now let (u¢,t > 0) be the Brownian motion semigroup with
o = /2. Then for each 7 € G,t > 0 we have

i = [ [ sl

= ( /0 e pf (dS)) Iy

= W]

T

and so i € CIDg(G) with n(/i,%r) = f(Knr).

Note that the Laplace distribution (as described above) is obtained in
this way with f(u) = log(1+ 3%u). It is worth pointing out that it also arises
as B72VF7* where for ¢ > 0,V¢ is the potential measure of the Brownian
motion semigroup defined by the vague integral Ve(-) = [;* e~y (-)dt (see
[35], pp. 203-5 for the case in R%.)

Other examples of measures in CIDg(G) which are obtained by subordi-

nation include stable-type distributions where ¢ = 0 in (2.4) and v(dx) =

de where b > 0 and 0 < o < 2. In this case we have f(u) = b%u
€T (e

=2
2

and ¢, = exp {—ba/@% } We may also consider the relativistic Schrodinger

distribution for m > 0 where f(u) = vVu+m2 —m and ¢, = e~V Hrn=m),
It again has ¢ = 0 in (2.4). The precise form of v is complicated and as we
don’t require it here we refer the reader to [21].

It is an interesting problem to determine the class of all 7 in (2.4) which
give rise to a probability measure on G of the form (2.5).



3 Regularity of Densities

In this section we will assume that G is a compact semi-simple Lie group

having Lie algebra g. We say that yu € M(G) has a density k € L}(G,R) if

i is absolutely continuous with respect to normalised Haar measure on G.
d

We then define k£ to be the Radon-Nikodym derivative d_,u

o
If a density k exists for p € M.(G) with f(r) = ¢, I, and k € L*(G,R)

then it has the form
Ko) = 3 dioxa(o) (37)
e
for almost all o € G (see equation (3.4) in [3].)
Before we investigate densities in greater detail we need some preliminar-
ies.

3.1 Dominant weights

Fix a maximal torus T in GG. Let T be its Lie algebra and T* be the dual
vector space to T. Let P be the lattice of weights in T* and D C T* be the
dominant chamber. The celebrated theorem of the highest weight asserts
that there is a one-to-one correspondence between elements of G and the
highest weights which are precisely the members of P N D. For details see
e.g. Chapters 8 and 9 in [14]. In the following the inner product (-,-) and
norm | - | on T* are that induced by the Killing form via duality.

Let A\ be the dominant weight for the representation 7. Then we know
from Sugira [37] (p. 39, equation (1.17)) that

dr < N|A|™ (3.8)

where N is a universal constant and

m— %(dim(G) ) (3.9)

where r is the rank of GG, i.e. the dimension of any maximal torus. It is also
well known that (see e.g. [37], Lemma 1.1 or [25], Proposition 5.28)

ke = e+ p* = |pI* = (A, Ar + 29) (3.10)

where p is half the sum of positive roots. It follows easily that

Anl* < hin < AR+ 2000 o] < C(1+[AR]) (3.11)

where C' > 1 is a constant.



We also need the fact (which is implicit in the proof of Lemma 1.3 in
[37]) that there exists C1,Cy > 0 such that for all A € P N D, there exists
n=(ny,...,n,) € Z" such that

Cilnl] < [A] < Callnl], (3.12)

where [|n||? :==n? + - +n2
The final result we need from Sugiura [37] is Lemma 1.3 therein that

)= > (AN (3.13)

AePND—{0}

converges if 2s > r.

3.2 Sobolev Spaces

Let {X1,..., X4} be a basis for the Lie algebra g of left-invariant vector
fields. We define the Sobolev space H,(G) by the prescription

Hp(G) = {f € L*(G); Xy, - Xi, [ € L(G);1 <k <pyin,...ix = 1,...,d}.

It is a complex separable Hilbert space with associated norm

A1 = AP+ D 11X X fIP
k

D1yl

It is not difficult to show that an equivalent norm is given by

1115 =D de(L+ sn)Pte(f(m) f (7)), (3.14)
red
where f(r) := Jom(e7!) f(o)do is the Fourier transform'(and we are
abusing notation by using ||| - ||| in each case.)

As is pointed out in [33], section 10.3.1, H,(G) coincides with the usual
Sobolev space on a manifold constructed using partitions of unity. So in
particular the Sobolev embedding theorem extends to this context and hence

0(G) 2 () Hul ).

keN

INote that we are here using the analyst’s convention for Fourier transforms of func-
tions which, as usual, is not quite consistent with the probabilist’s convention for Fourier
transforms of measures.
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3.3 A Regularity Result
We summarise the results we need on regularity in the following:
Proposition 3.1 Let y € M(G) with fi(r) = cxI, for all 7 € G.

1. The measure p has a square-integrable density if and only if

> e < o0 (3.15)
red

2. The measure p has a continuous density if

> | < o0, (3.16)

TI'GG

3. The measure p has a C* density if

Z d2(1 + kg )Plex|* < 0. (3.17)
el

where p > k—l—g.

Proof. (1) follows from Theorem 3.1 in [3] and (2) from Proposition
6.6.1 in [11]. (3) is a straightforward consequence of the Sobolev embedding
theorem. 0

3.4 Examples

Now we consider different families of measures and apply Proposition 3.1. In
1

all cases we take € CIDg(G) so that ¢, = e 705%),

3.4.1 The Case where there is a non-trivial Gaussian Component

We say that p has a non-trivial Gaussian component if n is such that o > 0 in
(2.4). We can obtain many examples of such measures by defining p1 = puq % o
where p1 is Gaussian and ps is of compound Poisson type or is obtained by
subordination as in section 2.

We show that p has a C*°-density for all o > 0. To prove this we use
(3.17), (3.8), (3.11) and (3.12) and the fact that n(u) > $o%u® for all u € R

11



to see that for all £ € N

Zdi(l—i—/ﬂﬂ)kcfr < Zdi(ljtmﬂ)kexp{—a%ﬂ}

el el

MY P AP exp {—0® AP}
AEPAD

K1y |[nfP" (1 + [n]*)* exp {—Ko||n|[*}

nez”
[o.¢]

= K> a()"(1+ §)F exp {—Kaj}

=0

< K mVI D) (L) exp { Ko} < oo

=0

IA

IN

where M, K1, Ky > 0, a(j) := #{n € Z";||n||> = j} and we use the fact that
a(j) < (2v/j+1)" for all j € N.2

3.4.2 Stable-type densities

Take ¢, = exp {—ba/@% } with 0 < a < 2. Again we show that the densities
are C'°. Indeed arguing as above we have

Yot w)e < M Yy AP+ A exp {207}

rcl AePND

< Ky Y jm2VG+ 171+ 5) exp {—Kajt )
§=0

where K3, Ky > 0. To see that the series converges, it is sufficient to show
that > 7, nre’ converges for all kK > 0 where 0 < # < 1. This follows by

. . . . _nB . £t2
comparison with » >, # since lim,,_,o, n"t2e™ = lim,_ ooz 7 €% = 0.

3.4.3 Relativistic Schrodinger density

Here we have

20f course in the pure Gaussian case, smoothness of the density is well-known and can
be proved using pde techniques.

12



Dot < e ST APLE NPV

s
el AePND

< ™Y PP+ AP < oo,
AePND

so by the result of (3.4.2) (with o« = 1) this case also yields a C*° density.

3.4.4 Laplace density

In this case we take c; = (1 + 3?k,)"'. We restrict ourselves to seeking an
L*-density. Applying (3.15) we use (3.8), (3.11) and (3.13) to obtain

&2 N APm N
2 A+ Fr) = P 2 |])|\|4 = pomm,

reG—{o} AePND—{0}

where N > 0.
By Sugiura’s convergence result for ((s) we see that a sufficient condition

for convergence is m < 2 — g Hence by (3.9), dim(G) € {1,2,3}. So

for example, the Laplace distribution has a square-integrable density on the
groups SO(3),SU(2) and Sp(1), each of which has dimension 3 and rank 1.

4 Pseudo-differential Operator Representations

In this section G is an arbitrary compact group. Let (u:, t > 0) be a vaguely
continuous convolution semigroup of probability measures on GG wherein pg =
de. It then follows that pu, is infinitely divisible for each t > 0. We let
(T}, t > 0) be the associated Cy semigroup on C'(G) (Hunt semigroup) defined
by

T,f(0) = /G F(om)m(dr),

for all £ > 0. Necessary and sufficient conditions for a densely defined linear
operator to extend to the infinitesimal generator of (7},¢ > 0) were found by
Hunt [20] (see [29] for a modern treatment) in the case of a Lie group and
generalised by Born [9] to locally compact groups.

(Ti,t > 0) extends to a positivity-preserving contraction semigroup on
L*(G) := L*(G,C) and from now on we will always work with this extended
action. Our aim in this section is to represent the semigroup and its generator

13



as pseudo-differential operators using Peter-Weyl theory (c.f. [33]). If A €
M, (C), we define its Hilbert-Schmidt norm by ||A|l;,q = tr(AA)2.

The celebrated Peter-Weyl theorem asserts that f € L*(G) has the as-
sociated Fourier series ) g dtr(f(m)7) and we will make frequent use of
Plancherel’s theorem in this context which tells us that

A1 =" dellf ()1
el

We also need the corresponding Parseval identity:

9) =Y detr(f(m)g(r)"),
el
for f,g € L*(G).
We say that a densely defined linear operator S on L?(G) has a (simple)

pseudo-differential operator representation if for each m € G there exists a
d, X d, matrix og(m) such that

~

Sf(m) = os(m) [ (),

for all f € Dom(S) and all 7 € G.

We call og the symbol of the operator S. The word “simple” is included
as we don’t require the symbol be a function defined on G' x G as in [33].
Indeed such a more complicated class of symbols will be associated with
representations of more general Feller-Markov semigroups (see [23] for the
case where G is the real numbers.)

Theorem 4.1 For each t > 0,7, is a pseudo-differential operator with sym-
bol () at ™ € G.

Proof. For each p € G let R, denote right translation so that R,f(c) =
f(ap) for each f € L2<G>,O' € G. We will need the fact that R,f(m) =

7(p)f(m) for each 7 € G.
By Fubini’s theorem and the Parseval identity,

il = [ | [ reni@tindpin

///Rff(a)mdaut(dﬂut(dp)

//Zdtr (7) () F () 7 ()" ) pe(dr) e (dlp).

G el

14



We can use Fubini’s theorem to interchange summation and integration
since by the contraction property of T,

//sz tr(m fA A( V() ) pe(dr) e (dp) < || fI]?

Hence we have

Il = Sar /G (o dn F 7w [ atortan)
Al

red

and the result follows. O

Let A be the infinitesimal generator of (7;,¢ > 0). We here use the fact
that for each t > 0,7 € @,[It(ﬂ) = et where L, is a d X d, matrix (see
[30], [18], [1] where an explicit “Lévy-Khintchine type” representation of L,
can be found when G is a Lie group.)

Theorem 4.2 A is a pseudo-differential operator with symbol L, at w € G.

Proof. For each f € Dom(A),g € L*(G), we have by Parseval’s identity
and Theorem 4.1

-~

) = i (PO foygny)

t—0
red

=Y (@%)W)*)

t—

WG@

Now fix 7 € G and let g € M, where M, is the subspace of L*(G)
generated by mappings of the form o — (7'(o)u,v) for u,v € V.. It follows
from the Peter-Weyl theorem that g(7) = 0 if 7 # 7’ and so

ol _
<Af7 g) = dy lE%tr <%f(ﬂ' )/g\(ﬂ'l)*>

— dﬂltr(ﬁﬂff(ﬂg’g\(ﬁ/)*)
= > datr(Lo f(m)G(rm)").

15



The required result follows from the Parseval identity since (by the Peter-
Weyl theorem) L*(G) is the closure of @ gy M (see e.g. [11], p.108).
O

For completeness we will also give the pseudo-differential operator repre-
sentation of the resolvent Ry := (A — A)~! for A > 0.

Proposition 4.1 For each A > 0, Ry is a pseudo-differential operator having
symbol (M, — L)™' at m € G.

Proof. First note that (A, — £,)~! always exists since the eigenvalues
of the matrix £, have non-positive real parts. We use the fact that for all
A>0,Ry = [;° e MT,dt. Then for all f,g € L*(G), by Theorem 4.1

(Faf.g) =S e [~ e (e mpgn) )it
WG@
The result follows from Fubini’s theorem using the estimate

%) - ~ i 1
S [ e Men(e g lae < L1171 ol
el 0
which is obtained by routine computations. 0

Now we assume that p; € CIDg(G). It follows that u; € CIDg(G) for all
t > 0 and that jiy(7) = e[ for each 7 € G for some negative definite
N 1
function n and A has symbol whose value at 7 € G is —n(k2)I.

Theorem 4.3 If G is a compact Lie group and py € CIDg(G) then for all
p > 2,H,(G) C Dom(A) and A is a bounded linear operator from H,(G) to
Hy—2(G).

Proof (c.f. Theorem 10.81 in [33] pp.571-2.) We will make use of the fact

that there exists K > 0 such that |n(u)| < K(1+ |u|?) for all u € R (see e.g.
[4] p.31.) By Theorem 4.2 and (3.14) for each f € H,(G)

IAfIE2 = D a1+ 50" 2l L f (1)}

WGQ
1 —~

= > d (Lt )2 (s2) P ) g

7r€(9
< K a0+ m ) FmIE,

ﬂE@
= KI|IfIII;.
In particular it follows that ||Af||> < oo and so f € Dom(A). u
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5 Transition Densities for Convolution Semi-
groups

In this section we continue to work with the Hunt semigroup (7},¢ > 0) acting
on the space L?(G) that is associated to the convolution semigroup of mea-
sures (pg,t > 0) on a compact group G. Let L2(G) = {f € L*(G), f(gog™!) =
f(o) for all o,g € G}. Tt is well-known that {x,, 7 € G} is a complete or-
thonormal basis for L*(G) (see e.g. [11] Proposition 6.5.3, p.117.)

Proposition 5.1 If u; € M.(G) for some t > 0 then T;(L*(G)) C L*(G).

Proof. For all 0,9 € G, f € L*(G) we have
Tif(gog™') = / flgog™ ') (dr)
G
= /G flgog ' 1) m(dg™ rg)
~ [ flaorg tar)
G

= Tif(0). m

Now suppose that p; € M.s(G) for all ¢ > 0. This implies in particular
that (T}, ¢ > 0) is self-adjoint in L?(G) and hence in L*(G) (see [5], [27]). By
Proposition 2.1, we also have that there exists o, < 0 for each m € G such
that (7)) = ef*~ I,.

Theorem 5.1 If 1, € M. (G) for all t > 0 then {xs, 7 € G} is a complete
set of eigenvectors for the action of Ty on L*(G) and

Tixr = € Xx (5.18)
for all m e @,t > 0.
Proof. For all 0 € G,t >0,
TiXx(0 / X (07) p1e(dT)
G
/ tr(m 7)) e (dT)

G

- (w(a) /G (i)

= ey, (0). d



It is shown in [5] that T} is trace-class for ¢ > 0 if and only if i, has a
square-integrable density. In this case we have

= elor (5.19)

el

for t > 0, where tr denote the trace in the Hilbert space L?(G).
From now on we assume that for t > 0, € M.(G) has a density
k. € L*(G,R). We define the transition density hy € L*(G x G,R) by

hi(o,7) == k(o7 '7),

for each t > 0,0,7 € G. Indeed h; is precisely the transition probability
density at time t of a G-valued Lévy process whose law at time ¢ is k;.

Note that for each o € G, (t, p) — hi(o, p) satisfies the backward equation
(in the distributional sense)

Oh
a_tt<0-7 p) - Aht<0-7 /0)7

with hi(o, p) — 6,(p) as t — 0. For example, if (u,t > 0) is the Brownian
motion semigroup which is characterised by ji;(7) = e ~3m [ for each 7 € G
then h, is the well-known heat kernel and for this reason we will sometimes
refer to our more general h; as the transition kernel.

Theorem 5.2 For each t > 0,

1.
/ hi(g™ o, pg " )dg = e xx(0)xx(p), (5.20)
@
forallo,p € G.
2.
tr(ﬂ)://kt(p‘lgpg‘l)dgdp (5.21)
c¢Ja
Proof.
1. By (3.7)
hi(a, p) = k(o™ p) Zd e (a7 p), (5.22)
e@
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and so

/Ght(g‘lo,pg‘l)dg = Zdwem"/xw(a‘lgpg‘l)dg

WE@ ¢
= > X (0)xx(p),
WG@

by Proposition 6.5.2 in [11] (p.116.) The interchange of integral and
sum is justified by Fubini’s theorem since

> dre' / (o gpg ™ )ldg <) dret* < oo
G

WG@ WE@

by (3.15) since k; € L*(G) for each t > 0. Here we have used the crude
estimate sup,cq |xx(0)| < dx.

2. Put p = o in (5.20) and then integrate both sides with respect to
o using the fact that [, [xx(c)[?do = 1. The result then follows from
(5.19). Note that the interchange of integral and summation is justified
by Fubini’s theorem using a similar argument to that presented in (1).00

Corollary 5.1 If k; is continuous for each t > 0

ki(e) =) dZelr. (5.23)

e@
Proof. Put 0 = p in (5.22) (or argue directly from (3.7).) O]
We now work in the Hilbert space L*(G) and we use Tr to denote the

trace in this Hilbert space. By the Peter-Weyl theorem {d%m-j, 1 <4,y <
dp,m € @} is a complete orthonormal basis for L?(G) where 7;; denotes the
co-ordinate function (o) := m(0);;, for each o € G.

The following two results are well known for the heat kernel (see e.g.
Chapter 12 of [14]). Here we extend them to more general Hunt semigroups.

Theorem 5.3 1. For each t > 0, the set {m;;,1 <1,j < dp, 7€ CAJ} is a
complete orthogonal set of eigenvectors for T, and

,I;;ﬂ'ij = etaﬂﬂ'ij (524)

for eachlgi,jgdﬂ,ﬂeé.
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2. If ky 1s continuous for each t > 0,
ki(e) = Tr(Ty). (5.25)
Proof.

1. Forall 0 € G.

Timij(o) = /Gﬂz‘j(UT)Mt(dT)

2. Since each eigenvalue e’ has multiplicity d? on the closed subspace of
L*(G) spanned by {m;;,1 <4,j < d,} it is clear that

Te(T;) = Z d2e'o,
red

and the result follows from (5.23). O

The next result can be deduced directly from (3.7). We give a direct
proof to make the paper more self-contained. Note that results of this type
are well-known for Markov processes taking values in compact metric spaces
and having suitably square-integrable transition probabilities (see Theorem
6.4 in [15].)

Theorem 5.4 If k; is continuous for each t > 0

hlo,p) = 30 D dec ey (0 0) (5.26)

re@ hi=1

forallo,p € G.
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Proof. For each o € G let L, denote left translation so that L,f(p) =
f(o™1p) for each f € L*(G),p € G. By Fourier expansion and using (5.24)

dx
Lok, = szw@aktmﬁ?ﬁj

ﬂE@ij—l

_ sz (/ k(o ) (7 )dT) o

e@z] 1

- X S ([t

6@2] 1

= > Z dr Tims5 (o)

71'6@ 7".]:1

dr
= Z Z dﬂ—etaﬁ’ﬂ'ij((f)ﬂ'ij.

71'6@ 7".]:1

Since sup, ,eq ‘Z?;:l Wij(U)Wz‘j(P)‘ = SUP, eq [tr(m(071p)| < dr we de-
duce uniform convergence of the series from (3.15) and so for all p € G

hi(o,p) = Loki(p Z Z d em“m] o)mii(p).

re@ =1

Corollary 5.2 If k; is continuous for each t > 0

e) > / / k(™ gpg™")dgdp
GJG

with equality if and only if G is abelian.

Proof. The inequality follows from (5.19), (5.21), (5.23) and (5.25). If G
is abelian, then equality is obvious. If G is non-abelian we must have d, > 1
for at least one m € GG and then it is clear that strict inequality holds. O

6 Small Time Asymptotics of Densities

Assume that G is a compact semisimple Lie group. We would like to obtain
an asymptotic expansion for k;(e) as t — 0. We assume that p; € CIDg(G)
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for each ¢ > 0. In this case if k; is continuous for ¢ > 0, we may follow the
arguments on p.106 of [14] to obtain

ki(e) =Te(h) = > &3, exp{—tn((IA+p]> = o))} (6.27)

AEPND

= 3 Bexp{-tm((AP - o)1)

AerD

1
= Zd exp{—tn(([A* = p1*)2)},
AeP
where d, denotes the dimension of the representation space with highest
weight A and |W| is the order of the Weyl group of G.
When n(u) = ‘2| , k¢ is the density generating the heat kernel and it is
known that as ¢t — 0,
ﬁ t\p\Q

ki(e) ~ Ot~

(see e.g. [14], p.109)) where C' > 0.

We will examine the case where 7 is the characteristic exponent of a
symmetric Cauchy distribution so that n(u) = olu| for all v € R, where
o> 0.

Example 1: G = I1¢ where Il := R/Z
In this case G = Z¢, each d, = 1 and for each 7 = n € Z%, k, = 472|n|?

where n? = n?+---+n2 for n = (ny,...,nq). The equation (6.27) then takes
the form

(6.28)

/{:t(e) _ Z 6—27rt0|n\'

neZd
When d = 1 we easily calculate

kile) = 1+2 Z e~ 2mton
n=1

1
= coth(wot) ~ — ast — 0.
To

When d > 1, we apply the Poisson summation formula to obtain

= ot
kt(e) - L21 Z dil




Example 2: G = SU(2). In this case G = Z, with d, = n+ 1 and for
eachn € Z,,k, = n(n+ 2). Hence

kt(e) _ Z(n_‘_l)Qe—tm/n(n—ﬂ)
n=0
_ Z(n_'_l)Qefta\/(nJrl)Qfl
n=0

o0

_ Z m26—t0\/m2—1
m=1
From this we get the easy estimate

m*e~tom, (6.29)

WE

S
e—ta Zm2e—tam < kt(e) < eta

m=1 1

3
I

Now define g(t) :== >~ _, e "™ for t € (0,00). The function g is C*° and
we have

- 1 d?
2 —tom __

_ 1 d2 efto
o oa2di2 \1—eto

e to ot
= ————coth | =),
(1—e )2 2

and hence we conclude that

m=1

2
ki(e) ~ s 8 t— 0.

This should be compared with the usual heat kernel where the following
very precise asymptotic expansion is known (see [13], Proposition 2.3 p.662):

ki(e) ~ 32v2m%(dmot) 2e

so the leading term has the slower decay

ki(e) ~ 32\/57?2(4#0)_%t_%.
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It is not difficult to verify that the relativistic Schrodinger semigroup on
1
SU(2) with mass parameter m, for which n(u) = (m? 4+ u?)2 —m for u € R,
has exactly the same short time asymptotics as the Cauchy semigroup.

Example 3: G = S0(3). Here we have G = Z, with d,, = 2n + 1 and
for each n € Z, k, = n(n+ 1). So we obtain

[e 9]

ki(e) = > (2n+1)%etoVnty

n=0

= Z m2e t5Vmi =1 as ¢t 5 0.
m Odd

Using the results obtained in Example 2 we find that

ki(e) ~ as t — 0.

ﬁa

Based on these calculations we conjecture that ki(e) ~ Ct~? for the
Cauchy process on an arbitrary compact semisimple Lie group of dimen-
sion d. It is also tempting to further conjecture that if k; is associated to
an arbitrary a-stable process so that n(u) = |u|® where 0 < o < 2, then
ki(e) ~ Ct~ 4 ast — 0. This is consistent with the known behaviour of den-
sities of symmetric stable processes in Euclidean space (see e.g. [8]) where
it essentially follows by scaling arguments. We remind the reader that this
technology is not available on compact groups (see e.g. Theorem 2.2. in [2],
p.117.)

Now let N()) denote the number of eigenvalues of —A that do not exceed
A and note that for all t > 0,

TH(T}) = /0 T RN ().

If the above conjecture holds then by Karamata’s Tauberian theorem we
have .,
CAa

I'(1+4)

«

N(A) ~

, as A — 00,
(c.f. Theorem 2.3 in [7].)

So far we know that this eigenvalue asymptotics is valid when a = 2, and
when o = 1 with G =114, G = SU(2) and G = SO(3).

24



References

1]

[10]

[11]

[12]

[13]

[14]

D.Applebaum, Operator-valued stochastic differential equations arising
from unitary group representations, Journal of Theoretical Probability
14, 61-76 (2001)

D.Applebaum, Lévy processes in stochastic differential geometry in Lévy
Processes: Theory and Applications ed. O.Barndorff-Nielsen, T.Mikosch,
S.Resnick (Birkh&user Boston Basel Berlin), 111-39 (2001)

D.Applebaum, Probability measures on compact groups which have
square-integrable densities, Bull. Lond. Math. Sci. 40 1038-44 (2008)

D.Applebaum Lévy Processes and Stochastic Calculus (second edition),
Cambridge University Press (2009)

D.Applebaum, Some L? properties of semigroups of measures on Lie
groups, Semigroup Forum 79, 217-28 (2009)

C. Berg, G. Forst, Potential Theory on Locally Compact Abelian Groups,
Springer-Verlag (1975).

R.M.Blumenthal, R.K.Getoor, The asymptotic distribution of the eigen-
values for a class of Markov operators, Pacific J. Math. 9, 399-408 (1959)

R.M.Blumenthal, R.K.Getoor, Some theorems on stable processes,
Trans. Amer. Math. Soc. 65, 263-73 (1960)

E.Born, An explicit Lévy-Hincin formula for convolution semigroups on
locally compact groups, J. Theor. Prob. 2 325-42 (1989)

K.D.Elworthy, Geometric aspects of diffusions on manifolds in Ecole
d’Eté de Probabilites de Saint-Flour XV-XVII, 1985-87, 277-425, Lec-
ture Notes in Math, 1362, Springer, Berlin (1988)

J.Faraut, Analysis on Lie Groups, Cambridge University Press (2008)

H.D.Fegan, The heat equation and modular forms, J. Differential Geom-
etry 13, 589-602 (1978)

H.D.Fegan, The fundamental solution of the heat equation on a compact
Lie group, J.Differential Geometry 18, 659-668 (1983)

H.D.Fegan, Introduction to Compact Lie Groups, World Scientific (1991)

25



[15] R.K.Getoor, Markov operators and their associated semigroups, Pacific
J. Math. 9, 449-72 (1959)

[16] K.E.Hare, The size of characters of compact Lie groups, Studia Math.
129 1-18 (1998)

[17] H.Heyer, L’analyse de Fourier non-commutative et applications a
la théorie des probabilités, Ann. Inst. Henri Poincaré (Prob. Stat.)
4(1968), 143-68

[18] H.Heyer, Infinitely divisible probability measures on compact groups, in
Lectures on Operator Algebras pp.55-249, Lecture Notes in Math. vol
247 Springer Berlin, Heidelberg, New York (1972)

[19] H.Heyer, Probability Measures on Locally Compact Groups, Springer-
Verlag, Berlin-Heidelberg (1977)

[20] G.A.Hunt, Semigroups of measures on Lie groups, Trans. Amer. Math.
Soc. 81, 264-93 (1956)

[21] T.Ichinose, Essential selfadjointness of the Weyl quantized relativis-
tic Hamiltonian, Ann. Inst. Henri Poincaré (Phys. Theor.) 51, 265-98
(1989)

[22] N. Jacob, Pseudo-Differential Operators and Markov Processes,
Akademie-Verlag, Mathematical Research 94 (1996).

[23] N. Jacob, Pseudo-Differential Operators and Markov Processes: 3,
Markov Processes and Applications, World Scientific (2005).

[24] P.T.Kim, D.S.Richards, Deconvolution density estimators on compact
Lie groups, Contemp. Math. 287, 155-71 (2001)

[25] A.W.Knapp, Lie Groups Beyond an Introduction (second edition),
Birkhauser (1996, 2002)

[26] J-Y Koo, P.T.Kim, Asymptotic minimax bounds for stochastic decon-
volution over groups, IEEE Trans. Inf. Theory 54, 289-98 (2008)

[27] H.Kunita, Analyticity and injectivity of convolution semigroups on Lie
groups, J.Funct. Anal. 165, 80-100 (1999)

[28] M.Liao, Lévy processes and Fourier analysis on compact Lie groups,
Ann. Prob. 32 (2004), 1553-73

26



[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[37]

M.Liao, Lévy Processes in Lie Groups, Cambridge University Press
(2004)

J.T-H.Lo, S-K.Ng, Characterizing Fourier series representations of prob-
ability distributions on compact Lie groups, Siam J. Appl. Math. 48
222-8 (1988)

D.Ragozin, Central measures on compact simple Lie groups, J.Funct.
Anal. 10, 212-29 (1972)

S.Rosenberg, The Laplacian on a Riemannian Manifold, Cambridge
University Press (1997)

M.Ruzhansky, V.Turunen, Pseudo-differential Operators and Symme-
tries: Background Analysis and Advanced Topics, Birkhauser, Basel
(2010)

S.Said, C.Lageman, N.LeBihan, J.H.Manton, Decompounding on com-
pact Lie groups, IEEE Trans. Inf. Theory 56, 2766-77 (2010)

K.-I.Sato, Lévy Processes and Infinite Divisibility, Cambridge University
Press (1999)

E.Siebert, Fourier analysis and limit theorems for convolution semi-
groups on a locally compact group, Advances in Math. 39 (1981), 111-54

M.Sugiura, Fourier series of smooth functions on compact Lie groups,
Osaka J.Math 8, 33-47 (1971)

27



