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Abstract

We extend the Ruzhansky-Turunen theory of pseudo differential
operators on compact Lie groups into a tool that can be used to
investigate group-valued Markov processes in the spirit of the work
in Euclidean spaces of N.Jacob and collaborators. Feller semigroups,
their generators and resolvents are exhibited as pseudo-differential op-
erators and the symbols of the operators forming the semigroup are
expressed in terms of the Fourier transform of the transition kernel.
The symbols are explicitly computed for some examples including the
Feller processes associated to stochastic flows arising from solutions
of stochastic differential equations on the group driven by Lévy pro-
cesses. We study a family of Lévy-type linear operators on general Lie
groups that are pseudo differential operators when the group is com-
pact and find conditions for them to give rise to symmetric Dirichlet
forms.
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1 Introduction

The theory of pseudo differential operators has been a major theme within
modern analysis since the early 1960s and there are important applications
e.g. to partial differential equations, singular integral operators and index
theory (see e.g. [43] and [22] for details.) In the last twenty years the the-
ory has begun to interact with the study of stochastic processes, principally
through the work of Niels Jacob and his collaborators. A key starting point is
that the Feller semigroup and infinitesimal generator of a convolution semi-
group of probability measures on R" are naturally represented as pseudo
differential operators and the symbols of these operators may be obtained
from the classical Lévy-Khintchine formula. This case is somewhat special
in that the symbol is a function of the Fourier variable only and this cor-
responds to the fact that the characteristics of the measures have no state
space dependence. The key insight of Jacob was to consider pseudo dif-
ferential operators having more complicated symbols wherein the structure
given by the Lévy-Khintchine formula is retained but the characteristics are
now functions on R™. The programme is then to construct Feller-Markov
processes whose associated transition semigroups have generators coinciding
with these pseudo differential operators on a suitable domain. This was car-
ried out by using the Hille-Yosida-Ray theorem in [25] and by solving the
associated martingale problem in [19, 20]. Applications to the construction
of Dirichlet forms may be found in [21]. A systematic development of this
theory can be found in the three-volume work [27, 28, 29] (see also the earlier
concise and very readable account in [26].)

The concept of pseudo differential operator may be extended to manifolds
by using local co-ordinates, however when the manifold is a Lie group there
is an alternative global formulation due to M.Ruzhansky and V.Turunen.
Recall that if f € L'(R",C) and its Fourier transform f is also integrable
then we have the Fourier inversion formula

1 PN
flz) = n/ e f(u)du,
®)= Gz L @ F
and if A is a pseudo differential operator with symbol o : R" x R* — C then
1 . ~
Af(x) = m / e Co(x,u)f(u)du. (1.1)
(277) 2 JRrn

Now observe that R” is its own dual group and that for each u € R", the
character /) is an irreducible representation of R”. We can extend these
concepts to arbitrary compact groups (Lie structure is not strictly needed
here) by replacing the characters with general irreducible representations,
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defining the symbol o of a pseudo differential operator to be a suitable map-
ping defined on G x G (where G is the set of all irreducible representations
of G modulo unitary equivalence) and utilising the Fourier inversion formula
of Peter-Weyl theory (see section 3 below for details.) Note that for each
geG,me é, o(g,m) will be a matrix acting on the same finite-dimensional
complex vector space as m(g). A detailed development of this theory can be
found in the monograph [36], see also [37] for recent developments including
applications to global hypoellipticity.

The purpose of the current paper is to begin the programme of developing
the Ruzhansky-Turunen theory of pseudo differential operators on compact
groups into a tool to study Markov processes in the spirit of Jacob’s work
on Euclidean space. In fact this task was started in the recent paper [5]
but we only worked therein with convolution semigroups of measures (i.e.
group-valued Lévy processes.) In the case where the group is abelian, there
was also some work in this direction during the 1980s by N.Jacob [24]. Our
first observation is that when we move to more general Markov processes we
need to slightly extend the definition of pseudo differential operator from [36]
where it is assumed that the operator preserves smooth functions. Essentially
we will work in an L? rather than a C*° framework. We motivate and present
the relevant definitions in section 3 of the paper and also take the opportunity
to review key ideas and concepts from [36].

The organisation of the paper is as follows. In section 2 we collect together
some useful results about Feller semigroups in general locally compact spaces.
As discussed above section 3 contains the definition and basic properties we’ll
need of general pseudo differential operators on compact groups. In section 4
we show that every Feller semigroup consists of pseudo differential operators
and that these can be expressed in terms of the Fourier transform of the
transition probability kernel of the associated process. In [5] (see also [3]) it
was shown that the symbols of a convolution semigroup themselves form a
contraction semigroup of matrices. Furthermore the symbol of the generator
of the Feller semigroup is precisely the generator of the semigroup formed by
the symbols. We show here that the convolution structure is also a necessary
condition for the symbols to enjoy the semigroup property. Nonetheless in
the more general case, there is still sufficient regularity for us to be able to
capture the symbol of the generator by differentiating that of the semigroup
at the origin.

In section 5, we collect together a number of examples of Feller processes
on compact groups where we can calculate the symbol explicitly. These in-
clude Feller’s pseudo-Poisson process, semigroups associated to stochastic
flows obtained by solving stochastic differential equations on the group that



are driven by Lévy processes and processes that are obtained by subordi-
nation. Finally in section 6, we study a general class of Lévy-type linear
operators to which we can associate a symbol and thus consider as pseudo
differential operators. We call these Courrége-Hunt operators as they are
obtained by replacing the characteristics in Hunt’s celebrated formula [23]
for the infinitesimal generator of a convolution semigroup with functions on
the group in the spirit of Courrege’s general form of linear operators which
satisfy the positive maximal principle ([11, 12]). Note however that the local
part of the operator in [12] is expressed in local co-ordinates while we employ
the Lie algebra of the group to work globally (see [4] for an earlier less general
approach to this problem.) We may also regard Courrege-Hunt operators as
natural generalisations to Lie groups of the Lévy-type operators first studied
by Komatsu [31] and Stroock [42] in the 1970s.

We analyse these operators in general Lie groups (no compactness as-
sumption is necessary at this stage) and show that (under technical condi-
tions) they are bounded operators from the second order Sobolev space to
L?*(G) (the L? space of Haar measure.). Under further technical conditions,
we are able to explicitly compute the adjoint and find sufficient conditions
for symmetry that naturally generalise the case where the operator is the
generator of a convolution semigroup (see [5], [32].) Finally in Corollary 6.2
(one of the main results of this paper) we are able to associate a symmetric
Dirichlet form to the operator and hence realise it as the (restriction of) the
generator of a Hunt process. We emphasise that the conditions for symmetry
in L?(G) are rather strong. For future work on symmetric Courrége-Hunt
operators it may be worthwhile to seek infinitesimal invariant measures (see
[1]) and work in the corresponding L? space.

Notation. Let E be a locally compact topological space. The Borel o-
algebra of E will be denoted by B(E). We write By(E) for the real linear
space of all bounded Borel measurable real-valued functions on F. It becomes
a Banach space under the supremum norm ||f||e = sup,cp |f(z)|. The
closed subspace of B,(FE) comprising continuous functions will be denoted
Cy(E) and Cy(F) will designate the closed subspace of continuous functions
which vanish at infinity. The identity operator on Cy(F) is denoted by I.
In the case where F is a finite dimensional real manifold, C*(E) will denote
the linear space of k-times continuously differentiable functions on E. The
smooth functions of compact support on E are denoted by C2°(FE) and these
are a dense linear manifold in Cy(FE). We will need both real and complex
functions spaces in this paper. If no field is explicitly indicated you should
assume that we are working in a real space. A real valued function from
[0,00) to E is said to be cadlag if it is right continuous and left limits exist



at each point.

If Ais a set in a topological space then A denotes it closure. Similarly
T will denote the closure of a closable linear operator 7' defined on a linear
submanifold of a Banach space. If V' is a complex Banach space then £(V)
will denote the algebra of all continuous linear operators on V. We will
employ the Einstein summation convention where appropriate.

2 Feller Processes and Semigroups

Let (£2, F, P) be a probability space wherein the o-algebra F is equipped with
a filtration (F;,t > 0) of sub-o-algebras. Let Z = (Z(t),t > 0) be a time-
homogeneous Markov process with respect to the given filtration with state
space a locally compact topological space E. We will denote the random
variable Z(t) by Z,(t) when we are given the initial datum 7, = = (a.s.)
where © € E. We recall that the transition probabilities of the process are
defined by pi(x, A) := P(Z(t) € A|Z(0) = x) foreach t > 0,2 € E, A € B(E)
and we assume that these are such that the mappings = — p;(z, A) are
measurable for each ¢ and A. We then get a one-parameter contraction
semigroup (73,t > 0) on By(F) via the prescription

Tif(z) = (Z(1))|2(0) = z)

=/f (. dy).

This semigroup is also conservative in the sense that 7;1 = 1 for each t > 0.
We say that (T3,t > 0) is a Feller semigroup (in which case Z is said to be a
Feller process) if

(F1) Ty(Co(E)) C Cy(E) for each t > 0,
(F2) limy o [[T2f = fllo =0

In this case (T3,t > 0) is a strongly continuous contraction semigroup on
Co(E) and we denote its infinitesimal generator by A. We will also require
the resolvent Ry(A) := (A — A)~! which is a bounded operator on Cy(E)
for all A > 0.

Note that to establish (F2) it is sufficient (by a standard g-argument) to
verify that the limit vanishes for arbitrary f in a dense linear subspace of
Co(F) and we will use this fact in the sequel without further comment.

Let Z be a Markov process. We say that there is an associated solution
map if for each ¢t > 0 there exists a measurable mapping &, : £'x ) — € such



that @, (z,w) = Z,(t)(w) for all z € E,w € . This structure typically arises
when Z is the solution of a stochastic differential equation (SDE) wherein the
coefficients are sufficiently regular for the solution to generate a stochastic
flow of homeomorphisms. The following result is surely well-known but we
include a brief proof to make the paper more complete. We will need it in
section 5 of the paper when we consider examples in compact groups.

Theorem 2.1 Suppose that E is compact. Let Z = (Z(t),t > 0) be a homo-
geneous Markov process for which there is an associated solution map which
15 such that

1. The mapping ®, : E — E is continuous (a.s) for all t > 0.

2. 7 solves the “martingale problem” in that there exists a densely defined
linear operator A in Co(E) with domain D such that for all f €
Dy,ze E;t>0

F(@y(x)) — f(x) — /0 Af(®s(x))ds is a centred martingale.  (2.2)

Then (Z(t),t > 0) is a Feller process and A extends to the infinitesimal
generator of the associated Feller semigroup.

Proof. Let (T;,t > 0) be the semigroup associated to the process Z acting
on By(E). Let (xz,,n € N) be a sequence in E which converges to x. Then
for any f € Cy(FE),

lim [T f(2) = Tof (o) = lnn [B(S (®,(2)) — £ (@i()))| =0,

by a straightforward application of dominated convergence and so (F1) is
satisfied. For (F2) it is sufficient to take expectations in (2.2) to obtain, for
all f e Dy,xe E,t>0:

1) - 1) = [ Tas@as

0
and the result follows easily. OJ

From now on we will use the term Feller semigroup to mean any strongly
continuous contraction semigroup of positive operators on Co(FE).

Now let B be a linear operator on Cy(E) with domain Dp. We say
that B satisfies the positive maximum principle if f € Dp and f(zy) =
sup,cp f(z) > 0 implies Bf(zg) < 0. It is well-known and easily verified
that if A is the infinitesimal generator of a Feller semigroup then it satisfies
the positive maximum principle. Conversely we have
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Theorem 2.2 (Hille-Yosida-Ray) A linear operator A defined on Cy(E)
with domain D 4 is closable and its closure is the infinitesimal generator of a
Feller semigroup if and only if

(a) Dy is dense in Cy(E).
(b) A satisfies the positive mazximum principle.

(¢) Ran(A] — A) is dense in Co(E) for some A > 0.

See e.g. [13] pp.165-6 for a proof of this result.

Explicit characterisations of linear operators that satisfy the positive max-
imum principle can be found in [11] in the case F = R", in [12] when E is a
compact manifold and in [10] when F is a manifold with compact boundary.

A Feller semigroup (7}, > 0) is said to be conservative if its action on
By(E) is such that 731 = 1 for all ¢ > 0. A sufficient condition for this is that
(1,0) lies in the bp-closure of the graph of A (see e.g. Lemma 2.1 in [39]).
If £ is compact (as is the case for most of this paper) then a necessary and
sufficient condition is that 1 € Dom(A) and Al = 0.

If F is also separable then given any conservative Feller semigroup we can
construct an associated Markov process with given initial distribution and
having cadlag paths (see Theorem 2.7 in [13], pp 169-70).

3 Pseudo Differential Operators on Compact
Groups

Let G be a compact Hausdorff group with neutral element e and let G be
the set of equivalence classes (with respect to unitary isomorphism) of irre-
ducible representations of G. We will often identify equivalence classes [r]
with a typical element 7. So for each g € G,7(g) is a unitary matrix act-
ing on a finite dimensional complex vector space V, having dimension d,.
We fix an orthonormal basis (egﬂ), 1 < i < d,) in V; and define the co-

ordinate functions m;;(g) = (W(g)e(”), eg-”)> for each 1 <1, < dr,g € G. Let

)

L*(G,C) := L*(G, m; C) where m is normalised Haar measure on (G, B(G)).
1
The celebrated Peter-Weyl theorem tells us that {dZm;,1 < 7,7 < d.}

is a complete orthonormal basis for L?(G,C). Moreover L*(G,C) = M
where M is the linear span of {h.(v,®),¢¥,¢ € V,,m € @} where for each
g € G h(¢,0)(g) := (m(g9)¥,¢). Furthermore M is also dense in C(G)
(with the usual topology of uniform convergence.) See e.g. [14] for details.

In the sequel we will find it convenient to sometimes extend the notation h,



to situations where 1 is replaced by a function from G to V, which is such
that the mappings ¢ — (¥(g), ¢) are measurable for each ¢ € V;. In this
case we define h,(¢(-),¢) to be the measurable function from G to C for

which hn(4(), 6)(9) = {7(g)1(g). 6) for cach g € C.
The Fourier transform of f € L*(G, C) is defined by

~

Fim) = /G w(g)f(9)ds.

where we use dg as shorthand for m(dg) and Fourier inversion then yields

=" dete(f(m)m). (3.3)

e

in the L2-sense. In particular for almost all g € G
= detr(f(m)7(9))-

Fourier transforms of distributions on G are defined by using duality (see e.g.
[36] p.545.)

Now let R(CAJ) = U,ea £(Vz). Let C*(G,C) be equipped with its uni-
form topology and let A : C*°(G,C) — C*(G,C) be a bounded linear map.
The Ruzhansky-Turunen theory of pseudo differential operators is based on
the following ideas (see [36], p.552). By the Schwartz kernel theorem we may
write A as a convolution operator in that there exists a distribution R on
G x G (the right-convolution kernel) such that for each f € C*(G,C),g € G

/f R(g, h™g)dh,

in the sense of distributions (see also [36] p.93.) We define the symbol of A
to be the mapping o4 : G x G — R(G) defined by o4(g, ) = T4(m) where
)

rq(-) = R(g,-) so that o4(g,7) € L(V;) for each g € G, 7 € G.
We then have (see Theorem 10.4.4 in [36], pp.552- 3)

=Y " datr(oalg, ™) ()7 (9)), (3.4)
for all f € C~(G,C),g € G.

It then follows (see [36], Theorem 10.4.6, pp 553-4) that for all 1 <i,j <
d.,me G,g € G:



oalg: ™)y =Y mi(9) Amis(9), (3.5)

which we can write succinctly as

oalg,m) =m(g~")An(g), (3.6)

with the understanding that (3.6) is a convenient shorthand for the precise
statement (3.5). These ideas extend naturally to the more general case where
A maps C*°(G, C) to the space of all distributions on G (see [37].)

We want to extend the pseudo differential operator framework to more
general operators that are encountered in Markov process theory. In [5]
where we essentially only dealt with Lévy processes, the symbols of all the
operators that we considered were “functions” of 7 only and this allowed us
to effectively use (3.4) as our definition but within a L? framework. Now we
want to discuss Feller processes, it seems that a more convenient definition
(and certainly one that is in line with the theory of [26] and [27]) is to take
(3.6) (or equivalently (3.5)) as our starting point. To be precise we say that
a linear operator A defined on L?(G,C) is a pseudo differential operator if

(PD1) M C Dom(A),

(PD2) There exists a mapping 0.4 : G x G — R(G) such that o.4(g, 7) € L(V;)
for each g € G, m € G with o4(g,7) = (¢ ) An(g) for all 7 € G, g €
G,

(PD3) For each 7w € @, the mapping g — oa(g,m) is weakly (or equivalently,
strongly) measurable.

Of course we still call o4 the symbol of A. Note that a necessary and
sufficient condition for (PD3) is that each matrix entry of o4(g,7) is a mea-
surable complex-valued function of g € G.

Note that its symbol determines the action of a pseudo differential op-
erator uniquely on M. To see this suppose that A; and A, are densely
defined linear operators in L?(G) with M C Dom(A;) N Dom(A3) and that
oa,(g,7) = 04,(g,7) for all g € G, 7 € G. Then it follows from (3.5) that
Aymij = Agmijforall 1 <4, 5 <d,,me G and hence by linearity, Ay = Agt)
for all v € M.

We can recover the Fourier inversion representation (3.4) in our theory
as follows.



Proposition 3.1 Let A be a pseudo differential operator on L*(G,C) with

symbol o 4. Suppose that A is closed and that ) __a d-tr(f(m)An) converges
in L*(G,C) for all f € Dom(A). Then

Af(g) = datr(oa(g, m) f(m)7(9)), (3.7)
e

for almost all g € G.

Proof. By Fourier inversion (3.3) we have for f € Dom(A)

d

F=Yd:. Y F(m)imji.
1

€@  HI=

It follows from the fact that A is closed that for almost all g € G,

A1) = a3 Fimydnio)

reG@ b=l

= Y datr(f(m) An(g))
= Z dtr( A(?T)W(Q)UA(.Q? ))

= D _datr(oalg, M) f(m)m(9)).
m€G
where we have used (3.6) and the fact that tr(XY) = tr(Y X). O

In the sequel, when we consider Feller semigroups, we will want to con-
sider operators that preserve the space of continuous functions on G. In-
deed we will need the fact that any densely defined linear operator on C(G)
(equipped with the uniform topology) is also densely defined on L?(G).

Proposition 3.2 If A: C(G) — C(Q) is a pseudo differential operator then
for each m € G the mapping g — oa(g, ) is weakly (equivalently, strongly)
continuous.

Proof. This follows immediately from (3.5). O

The following result gives an equivalent characterisation of a pseudo dif-
ferential operator:
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Proposition 3.3 A linear operator A defined on L*(G, C) with M C Dom(A)
is a pseudo differential operator if and only if there exists a mapping o4 :

G x G — R(G) satisfying (PD3) such that o4(g,7) € L(V;) and

Ahz (¥, 0)(g) = hx(0a(-, ™), 0)(9), (3.8)
forallh, e M,qg € @G.

Proof. With h,, g as in the statement of the proposition, by (3.6):

Ah=(¥,0)(9) = (Am(9)¥, ¢)

= (r(g)An(9)y, 7(g7")¢)

= (oalg,m)¥,7(g7")0)
(m(9)oalg, )¢, 9)

= he(oal, ™), ¢)(9),

where we have used the fact that (g) 7(g~t). The converse follows when
we take ¢ and ¢ to be el@ and e (respectlvely) We then find by (3.8) that

Alr()e™ eV (g) = (n(g)aalg, m)el™, e)

and so .
Amij(g) = Zﬂik(g)UA(gaW

By unitarity of the matrix m(g) for each 1 <1 < d,, we obtain

dr
Z Wil(g)AWij(g) = O_A(gv 7T)lj7
i=1

and since this holds for each 1 < j < d, then (3.5) is obtained, as required.
O

We remark that Proposition 3.3 enables us to extend the definition of
pseudo differential operators to more general topological groups as it contin-
ues to make sense when V. is infinite dimensional. We will not pursue that
theme further in this article.

4 Pseudo Differential operators and Feller semi-
groups

We begin this section with some preliminaries about measures on groups
and their Fourier transforms. Recall (see e.g. [16], [41]) that if p is a Borel
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probability measure defined on G then its Fourier transform (7i(7), 7 € G) is
defined by the matrix-valued integral:

() = /G r(9)u(dg),

so that each pi(7) acts as a contraction on V. Furthermore i determines p
uniquely. If ;1 and v are Borel probability measures on G then for all 7 € G

—

Fu(m) = f(m)o(m),

where y % v denotes the convolution of u and v, i.e. the unique Borel proba-
bility measure on G for which

| 1@ = [ [ roriutdpptan),
)

for all f € By(G).
Let (T;,t > 0) be a Feller semigroup defined on C(G) where G is a
compact group. We extend the semigroup to operate on C'(G,C) in the
usual manner. Then for each ¢ > 0,7} is a densely defined (not necessarily
bounded) linear operator in L*(G, C) with M C Dom(T};). Recall that for
each t > 0,9 € G the transition probability p,(g,-) is a Borel probability
measure on G. We denote its Fourier transform at 7 € G by pi(g, ).

Lemma 4.1 For eacht > 0,T; is a pseudo differential operator with symbol
ai(g, ™) = (g~ " )pi(g, ), (4.9)
forge G,m e G.

Proof. From the discussion above it follows that (PD1) is satisfied. To
establish the identity (4.9) we use

olg,m) = w(g~")Tim(g)
— g /G w(r)pi(g, dr)
= (g ")h(g, ),

as required. (PD3) follows from the facts that ¢ — p;(g,7) is weakly mea-
surable and g — 7(g) is strongly continuous. O

INote that we employ the “probabilist’s convention” for Fourier transforms of measures
and the “analyst’s convention” for those of functions. Readers should be reassured that
this does not result in any mathematical inconsistency.
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Note that we always have o¢(g,7) = I, where I is the identity matrix
on V.

Example. Convolution Semigroups. Let (u,t > 0) to be a vaguely contin-
uous convolution semigroup of probability measures on GG. Such semigroups
of measures arise as the laws of G-valued Lévy processes (see e. g (33]). In
this case for each t > 0,9 € G, f € C(G),T; = [, fgr)m(dr) and
pi(g, A) = (g~ A) for each g € G, A € B(G). So by Lemma 4.1 we obtain

olgm) = wlg™) /G w(r)n(g~dr)
— )

forall g € G, 7 € G. It is shown in [3] that for cach 7 € G, (fiy(7),t > 0) is a
strongly continuous contraction semigroup of matrices acting on V. The fact
that the symbol is independent of g € G is clearly related to the translation
invariance of the semigroup, i.e. the fact that L, T, = T;L, forall p € G,t > 0
where L,f(g) = f(p~'g) for each f € C(G),g € G (c.tf. [23].)

We will investigate more examples in the next section. First we establish
some general properties.

Theorem 4.1 Let (0,t > 0) be the symbol of a Feller semigroup (Ty,t > 0)
with infinitesimal generator A and assume that M C Dom(A). Then for
each g € G, € G,

1. The mapping t — o(g, ) is strongly differentiable in V.

2. For each s, t > 0,
Tori(g,m) = (g~ ) Tepi(- 7)(9)- (4.10)

Proof.

1. Since (T3, t > 0) is strongly differentiable on Dom(.A) and 7;; € Dom(.A)
for each 1 < i,5 < d,, it follows by (3.5) that each matrix entry
o:(g,m); is a differentiable function of t. We define a d, x d, matrix
ji(g,m) by the prescription

d

Je(g,m)ij = %at(g, Zﬂ'kz )Ti AT (9)-

13



Now let ¢ = (¢1,...,%,4,) € Vi. Using the Cauchy-Schwarz inequality
(twice) and the fact that |m;;(g)| < 1foreach 1 <i,j <d,,g € G we
have for each ¢t > 0

. 1 .
limsup — [|ov44(g, 7)Y — ov(g, 7)¢ — hijelg, 7)¥[},
h—0 h

de | dr  dr 2

. 1 —_—
= lim sup DD i) (Tonmai(9) — Timis(9) — hT1 ATk (9));
- i=1 | j=1 k=1
dﬂ'

, 1
< dallylfy, limsup o > | Tipnmi(g) — Timii(g) — T ATy ()] = 0,
- i,j,k=1

and the result follows since m;; € Dom(A).

2. It is easily verified that p;(-,7);;) € By(G) for each 1 < i,j < dp, 7 €
G,t > 0 and so the right hand side of (4.10) is well-defined. Using the
Chapman-Kolmogorov equations we find that

(971)T5+t7T(9>

ﬂ-(gilT)szrt (ga dT)

3

Ostt (g7 7T) =

m(g7"p) ( /G m(p~ )i (p, dT)) ps(g, dp)

I
S— o

(g~ p)ow(p, m)ps(g. dp)

g T(x()oe(- m))(9)
g_l)TsZ/o\t('v 7T)(g)a

where we used (4.9) to obtain the last line.

I
3

I
2 A

O
For each g € G, 7 € G we define a d, X d, matrix j(g, ) by the prescrip-
tion

d

j(gﬂT)ij = %Ut<ga7r)ij (4-11)
t=0

for each 1 <i,j < d, (of course j is just jo from the proof of Theorem 4.1.)

Theorem 4.2 1. If M C Dom(A) then A is a pseudo differential oper-

o~

ator with symbol j(g,m) at m € G, g € G.

2. For each N > 0, R)(A) is a pseudo differential operator with symbol
I e ™Moy(g,m)dt at me G, g €G.

14



Proof.

1. Using (3.6) we compute

m(g ) Ax(9) = (97" 5 Tin(g)

= T
d

= %‘H(gaﬂ')

t=0

=j(g,m).
t=0

2. This follows from (3.6) using the fact that Ryf = [~ e T, fdt for
each f € C(G). O

Note. If (7;,t > 0) is the semigroup associated to the G-valued Feller
process (X(t),t > 0) then Theorem 4.2(1) tells us that for all g € G, 7 € G,

. 1 _

jlg.m) = lim —(x(g™E((X(2)[X(0) = g) — L)
and this should be compared with the corresponding analysis in Euclidean
space - see e.g. equation (0.3) on p.xx of the introduction to [27] and Defini-
tion 3.9.1 on p.148 of [29].

We close this section by returning to the question of when the matrices
(o(e,m),t > 0) form a semigroup on V;. We know from (4.10) that this
is unlikely to hold in general, but that this is the case when the transition
probabilities are translates of a vaguely continuous convolution semigroup of
probability measures. The next result shows that this is the only possibility.

Proposition 4.1 For eacht > 0, let 0,(g, ™) be the symbol of a Feller semi-
group at g € G,m € G. We have a,py(e, ) = o4(e,m)o,(e, ) if and only if
(pe(e,-),t > 0) is a vaguely continuous convolution semigroup of probability
measures on G.

Proof. By (4.9) oy(e, m) = pi(e, m) and so we have o,4(e, 7) = o5(e, m)or(e, 7)
if and only if

Psvele,m) = pu(e, m)pi(e, m) = s pe(e, )

for all m € CAJ, and the result follows by uniqueness of the Fourier transform.
O
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Examples

. Feller’s Pseudo-Poisson Process

Let (S(n),n € Z) be a Markov chain taking values in G with transition
kernel ¢ : G x B(G) — [0, 1], so that ¢(g, B) = P(S(1) € B|S(0) = g)
for all g € G,B € B(G). Let (N(t),t > 0) be a Poisson process of
intensity A > 0 that is independent of (S(n),n € Z,). Then Feller’s
pseudo-Poisson process (Z(t),t > 0) is defined by Z(t) = S(N(t))
for each ¢ > 0. It is well known (see e.g. [6], [13], [29]) that it is
a Feller process with bounded infinitesimal generator defined for each

f€C(G),g€G by

Af(g) = A / () - F(@))a(g. dr). (5.12)

G

Hence by a straightforward application of the definition (PD2), we find
that the symbol is given by

J(g.m) = A /G (n(g7'7) - L)qlg. d7) (5.13)
for all m € @

For the remaining examples in this section, we will require that G be
a compact n-dimensional Lie group with Lie algebra g. Let exp be
the exponential map from g to G. Then for each X € g, 7 € G, the
skew-symmetric matrix dr(X) is defined by

drn(X) = %W(GXP(UX))

Now consider the left invariant vector field ¢ — X (g) for which X (e) =
X. It is a pseudo differential operator and its symbol is given by

u=0

ox(g,m) = w(g ") Xn(g)

= m(g) %W(Q exp(uX))

u=0

= L r(exp(uX))

u=0

= dﬂ—(X)u

for each ¢ € G,7m € G. If X' is the right invariant vector field
for which X’(e) = X then a similar argument yields ox/(g,7) =
(g 1)dm(X)m(g). We will make use of these facts in the remaining
examples.
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2. Conwvolution Semigroups

Let (u,t > 0) be a vaguely continuous convolution semigroup of mea-
sures on G with pg = d.. As discussed above the associated Feller semi—
group on C(G) is given by Ty f(g) = [ f(g97)p(dr) for f € C(G),t

0,9 € G. The infinitesimal generator A was first studied by Hunt [23]
see also [18] and [33]. Let {Xj,..., X,,} be a fixed basis of g and define

Oy(G) = {f € C(G), Xif € C(G), X; X, € C(G), 1 <i,j,k <nl.

It is easily verified that M C Cy(G). It is shown in [23] that Cy(G) C
Dom(A) and for f € Cy(G)

Af(g) = VXif(9) +a" X X;f(g)
b [ e - ) - xsan 51

where b € R", (a;5) is a non-negative definite symmetric n x n matrix
and v is a Lévy measure on G — {e} i.e. a Borel measure for which
Joo OCimi @i(T)? A1) v(dr) < co. Here z; € C%(G) for 1 < i <mis
such that (z1,...,x,) are canonical co-ordinates in a neighborhood of
e with z;(e) = 0 and X;z;(e) = d;;(1 <1i,j <n.)

We have already seen that the symbol of T} is ji; for each ¢ > 0. It
follows from (4.11) that that of A is the infinitesimal generator of the
matrix semigroup (fi¢,t > 0). This is obtained in [3] (see also [17], [34]
and the discussion in [5]) and we have for all g € G, 7 € G

jlg,m) = bdn(X;)+ a”dr(X;)dr(X;)
+ / [7(7) — I; — 2'(7)dr(X;)]v(dT) (5.15)
G—{e}

3. Lévy Flows and Diffusions

Let Y7,...,Y, be C*-vector fields on G'and let X7, ..., X,, be a basis for
Slnce G is parallehsable we can assert the ex1stence of C"*°-mappings

: G — R such that for each g € G,Yi(g) = 7/ (9)X;(g) for each 1 <

z' § p. Now let (L(t),t > 0) be an RP-valued cadlag Lévy process with
characteristics (b, a, v) and consider the stochastic differential equation

dg(t) = Yi(o(t—)) o dL'(¢), (5.16)

17



where ¢ denotes the Markus canonical form (see e.g. section 6.10 in [6].)
It is shown in [8] pp. 233-4 that the solution map is a stochastic flow of
diffeomorphisms of G and it follows by Theorem 2.1 that (¢(t),t > 0)
is a Feller process. The infinitesimal generator is given by

Af(g) = BYif(g) + 3aVi¥;f(0)

v [ U - £ =Y avla)
(5.17)

for f € C*(G),g € G. Here (£(y),y € RP) is the flow of diffeomor-
phisms of GG obtained by solving the ordinary differential equation

d .
% = y'YiE(vy).

In this case the symbol of A is given by

jlg.m) = byl(g)dn(X;)

+ %a”’yf (9) [¥i (g)dm(Xp)dm(X,) + Xi(9)7] (9)dm(X,)]

w [l 50)@) — L= (X)L (),
(5.18)

for each 7 € a,g € G.

Note that when v = 0, then ¢ is a Stratonovitch differential equation
and (¢(t),t > 0) gives rise to a diffusion process on G (see [9] for
some interesting recent work on such processes.) We remark that a
general form for symbols of infinitesimal generators of Feller processes

that arise as solutions of SDEs driven by Lévy processes in R" may be
found in [40].

. Pseudo-Feller Jump Diffusions
We consider the linear operator A defined on C?(G) by

Af(9) =Yif(g) + 30VY;f(0) + X [ ((7) = Fl)alg.dr). (5.19)

G

for f € C?(G), g € G where the b;s, a;; and Y;s are as in Example 3 and
A and ¢ are as in Example 1. In fact we can write A = A; + A, where

18



A; is as in (5.17) but with v = 0 and A, is as in (5.12). As A4; and
Aj generate one parameter contraction semigroups in C'(G) so does A
(see Theorem 2.7 in [30], Chapter IX, p.501). Since both A; and Aj
generate Feller semigroups, they satisfy the positive maximum principle
and hence A also satisfies this principle. It follows by the Hille-Yosida-
Ray theorem that the closure of A generates a Feller semigroup. We
can easily compute the symbol of the generator to be:

Hom) = baile)dn(X,) + 5k (o) [} (g)dn(Xidn(X.)

+ Xl ()dn(X)] +A [ (o) = Lalg. o)
(5.20)
for each 7 € @,g € G.

. Subordination

Let (pl',t > 0) be the law of a subordinator with associated Bernstein
function A : (0,00) — [0, 00) so that (pf,t > 0) is a vaguely continuous
convolution semigroup of probability measures on [0, 00) and for each
t>0,u>0,

/ e~ ol (ds) = e, (5.21)
0

Note that h has the generic form

h(u) = bu + /(0 )(1 —e " A\(dy),

where b > 0 and f(o,oo) (y A D)A(dy) < oo (see e.g. [38], section 30 and
[6], section 1.3.2 for details.) Let (73, > 0) be a Feller semigroup on
C(@G) for which M C Dom(.A). By Lemma 4.1 and Theorem 4.2, for
each t > 0 T; and A are pseudo differential operators and we denote
their symbols by o, and j (respectively). Appealing to Phillip’s theorem
(see [35], [38] pp. 212-7) we see that subordination yields another Feller
semigroup (T}*,¢t > 0) on C(G) with infinitesimal generator A" having
Dom(.A) as a core, where for each f € C'(G) we have (in the sense of
Bochner integrals)

T;fhf = / TSfp?(dS)’
0
and for each f € Dom(A),

Ahf:bAf+/ (T,f — f)N'(ds).

(0,00)
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It then follows easily that A" is a pseudo differential operator and its
symbol is given for g € G, 7 € G by

(g, m) = bilg,m) + / (0u(g, ™) — L)N"(ds).
(0,00)

. Class O Semigroups

We have already remarked that the Feller semigroups associated with
convolution semigroups of measures commute with left translation on
the group. In [4] a class of Feller semigroups was investigated under
which there was an obstruction to these commutation relations. To be

precise we require that there exists a measurable mapping h : RT X
G x G x G — R for which

L,Tif(g) = TeL,fh(t, g, p,-)(9),

for all t > 0,g9,p € G. Such semigroups were said to be of Class O
(where the O stands for “obstruction”.) Define C4(G) in exactly the
same way as C3(G) but with the basis of left-invariant vector fields
replaced by right-invariant ones. Under some technical conditions on
h we have C4(G) C Dom(A) and (using the same notation where ap-
propriate as was the case in Example 2) for f € C4(G)

Aflg) = b(9)Xif(g) +a”(9)X;X]f(9)
+ /G_{ }[f(T) — f(g9) — 2 (rg XL f(9)lw(g, dr) (5.22)

where b and a;; are measurable functions on G (1 <, j < n) such that
for each g € G, (ai;(g)) is a non-negative definite symmetric matrix and
v(g,-) is a Borel measure on G — {e} for which

Jooo i ilg™7)? A1) v(g, dr) < oo. It follows that A is a pseudo
differential operator and by (4.11) we see that for all g € G, 7 € G

ilg.m) = V(g)w(g " )dr(X)w(g) + a(g)m(g~")dm(X;)dm(X;)m(g)
s [ )~ L (g ety R (X (g, )
G—{e}
(5.23)

We remark that the form (5.22) was shown in [4] to hold for a class of
Feller semigroups satisfying more general conditions (called “Hypoth-
esis H” therein.)

20



6 Courrege-Hunt Operators and Dirichlet Forms

Motivated by the form of the symbols appearing in the examples, we seek a
general class of Markov semigroups in L?(G) whose infinitesimal generators
are pseudo differential operators with symbol of the form

ilg,m) = V(g)dm(X,) + a”(g)dm(X;)dm(X;)

+ / (m(g7'7) — Iy — o' (g7 7)dr(Xy)|v(g, d7), (6.24)
G—{e}

forge G,mw € G. We will specify the “characteristics” (b, a, v) more precisely
below.

From now on we will take G to be an arbitrary n-dimensional Lie group
equipped with a right-invariant Haar measure. We define a linear operator
L on L*(G) by the prescription?

Lf(g) = V(9)Xif(g9)+a”(9)XiX;f(g)
+ /G F(7) = flg) — 2 (g X f(9)wlg,dr),  (6.25)

for f € Dom(L), g € G. We assume® that

e Foreach1 <1i,j k < n,b and a’* are bounded measurable functions on
G and that for each g € G, (a/*(g)) is a non-negative definite symmetric
matrix.

e For each 1 < i < n,2' € C®(G) and (xy,...,1,) are a system of
canonical co-ordinates for a given neighbourhood of the identity U in
G that has compact closure.

e The mapping v : G x B(G) — [0,00] is a Lévy kernel on G so that
v(g,{g}) =0 for all g € G, each v(g,-) defines a Borel measure on G,
the mapping g — v(g, gF) is measurable for each £ € B(G) and

sup/G <; zi(1)% A 1) v(g,gdr) < 0.

geG

e There exists a Lévy measure p on G (with p({e}) := 0) such that
v(g, g-) is absolutely continuous with respect to p for all g € G.

2It is more convenient to work with real Hilbert spaces from now on.
3We make no claim that these conditions, or those that we will impose later to study
L*, are in any sense optimal.
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® SUP, e SUP,eq A(g, T) < 0o where A(g, -) is the Radon-Nikodym deriva-
tive of v(g, g-) with respect to p.

e There exists g’ € G such that A(g',7) = sup e A(g, 7) for all 7 € U.

We call £ a Courrége-Hunt operator as its form is a natural extension
to Lie groups of the operators on R"™ that are considered by Courrege in
[11], while when the characteristics are constant we obtain the generators of
convolution semigroups as described by Hunt [23]. Notice that the form of
(6.25) is also very similar to that of (5.22) but we find it more convenient to
work with left-invariant vector fields.

Let ‘H2(G) be the Sobolev space (of order 2) defined by Hq(G) := {f €
L}(G), X,f € L*(G), X;X\f € L*(G),1 <4,j,k < n}. It is a real Banach
space under the norm

A1z = (I|f||2+ZIIXf||2+ D11 kallg) :

7,k=1
Note that H(G) is independent of the choice of basis used to define it. We
will need the fact that C°(G) is dense in Ho(G).

Theorem 6.1 Hy(G) C Dom(L). In fact there exists C > 0 such that for
all f € Hao(G)
LSz < ClIIAll2-

Hence L is a bounded linear operator from Ho(G) to L*(G).

Proof. Fix f € COO(G) and Write L= El + EQ + L3 + L4, where £ :=
O () Xs, Lo = aV () XiX;, L3f(g) = [, [f( )= (g7 ') Xif (9)]v(g, dr)
for each g € G and £4 =L — £1 Lo — £3 We will use the elementary
inequality
L5 < 401L1]15 + 1Ll 15 + 11L3]15 + 11 £4]13)-

Straightforward use of the Cauchy-Schwarz inequality yields

et < 3 [ v (ijﬂg)?) 1y

< nmax [[bi(9)lI 1112

L1113

IN

Z/am <i Xlef(g)2> d

k=1

< n® max o ()15l
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We will find it convenient to make the change of variable 7 — g7 in the
integrals defining both £3 and £4. Then we have

it < 3 [ ([ somtogin) ao+s [ ([ stomto.ain) a

<3 ( / c;x%ﬂxif(mwg,gdﬂ) iy

We consider each of the three integrals separately. For the second one it is
easy to check that

2
/ ( f(g)V(g,ng)> dg < supv(g, gU)?||f|]5.
G Uc geG

For the first integral, we use the Cauchy-Schwarz inequality to obtain

2
/< f(QT)V(g,ng)) dg < surwggUC/ f(g7)*v(yg, gdr)dg
G Uc Ue

geG

= supv(g,gU* / Ucng Mg, 7)p(dr)dg

geG
< supv(g, gU®) sup sup \(g, 7)p(U)]| f1]3,
geG TeUec geG

where we used Fubini’s theorem and the right invariance of Haar measure to
obtain the final estimate. Finally for the third integral we find that

/G (/ 2”: 2! (1) Xif (9)v(9, ng)) 2 dg

< f;;i@% Yoot [ (Sxor )

< n max ||| 2, sup v(g, gU)?|[| F1]]5-
1<:i< geG

Combining the estimates for the three integrals together we can assert that
there exists K > 0 such that

Lafll2 < K[ £1I]]2-

We now turn our attention to L3 and use a Taylor expansion as in [33]
p.13 to write for each g € G,

L) =5 [ S (1) (1) XX, £ (geu(r)a, ),

’L]l
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where 0 < u < 1 and €,(7) := exp(uz’(7)X;). By repeated application of the
Cauchy-Schwarz inequality we obtain

Ieas 13 < _/[(/}j@ QMﬂ>

</U in(7)2 Z Xijf(QEu(T))2V(g7gd7-)>] dg

G k=1

= _328 (/ >_milr)wlg, ng)>

<//Zx Mg ZXka(geu( ) P(dT)dg>
< G S

peo (/Zx vy, WT)/MZIX X f(g
: ‘28(/53% gwﬁﬂ 171113

where we have again utilised Fubini’s theorem and the right invariance of
Haar measure.
Combining together the estimates for Ly, Ly, L3 and L4 we obtain the

existence of C' > 0 such that ||Lf]]2 < C|||f]||2 for all f € C*(G) and the
required result follows by density. O

From now on we consider the Courrege-Hunt operator £ as a densely
defined linear operator on L?*(G) with domain Hs(G).

Corollary 6.1 If G is compact then L is a pseudo differential operator with
symbol of the form (6.24).

Proof. This is a consequence of the fact that M C Ho(G). O

We would like to investigate the adjoint of £ and in order to do this we
impose some additional assumptions:

e Forall 1 <4,j,k <n,b € CH(GQ) and a;i, € CZ(G).
o Foralll <i,j,k,l,p,q <n,Xib € By(G), Xjajx € By(G) and X, X,a,, €
By(G).
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The mapping g — A(g,7) € C*(G) for p-almost all T € G.

/ / () Xig, Tlpldr)dg < o0
and ¢ € By(G) where c(g) := [, 2" (1) Xi\g, 7)p(dr) for all g € G.

A(g, 7) > 0 except on a possible set of 7, measure zero where v, (dr, dg) :=
v(g, gdr)dg.

There exists K > 0 such that for all g € G, 7 € U
’)\<ng1’7_) - )‘(gvT)’ < K|Ii(7')05i(g,7') ’

where o; € B,(G x U) for 1 <i <mn.

We will assume that these assumptions hold for the remainder of this

paper.
We define a linear operator R, on L*(G) by the prescription

g) = /G Flgm )M gr ) — Alg, 7))p(dn).

for f € Dom(R,),g € G. Straightforward manipulations yield

- (s

The fact that C2°(G) C Dom(R,) is demonstrated within the proof of
the following theorem.

Theorem 6.2 We have C°(G) C Dom(L*) and for all f € CX(G), g € G,
L flg) = clg)flg) — X' (bif)(g) + X' X7(ai;f)(9)
AT Tg) i
[ 1A fa) 40X, vtagara),
(6.26)

Proof. Define a linear operator S on C2°(G) by the action on the right
hand side of (6.26). We must show that |[Sf|]o < oo for each f € CX(G).

We write S := 5" + R,(;l) + R,(Jz), where for all g € G,
S'flg) = cl9)f(g) — X (b:f)(g) + X X7 (ai; f)(g)
_ /G (£ = (g) + 7'(r9) X £(9)] (g, 9d79)),

25



= [, f( AMgm™1 1) = Mg, 7))p(dT) and R,(,Z) =R, — R,(Jl). By

smg snnllar arguments to those given in the proof of Theorem 6.1 we find

that |[S'f]|]2 < oo and HR,(,Q)ng < 00. Making repeated use of the Cauchy-
Schwarz inequality we find that

([ oo - A(g,T>>p(dT)>2dg

< [ ([ starpng o) = g nlotan))

([ ar7) = Atglotar) ) do

e[ f<gf-1>2|xi<f>ai<g,Tnp(dn) ([ e @atanlotan)

< K sup Zazg, (/Z ) 112

IRV fI13

X

IN

g€G, TGU
< 0.

To show that S C L* its sufficient to consider the case b; = a;; =0 (1 <
i,j <mn). Let (U,,n € N) be a sequence in B(G) for which U, | {e}.

We then find that for f,h € C°(G), by use of the dominated convergence
theorem

(Lh, f)
_ / / (g7) — (1) Xih(9)) f(9)v(g. gdr)dg

- /G /GWQT) — h(g) — 2*(7)Xih(9)) [ (9) Mg, T)v(dT)dg
R / /GU (h(g7) = h(g) — «'(7) Xih(9)) f (9)\(g, )v(d7)dyg.

n—oo

The result follows from here by treating each term in the integrand sep-
arately and then passing to the limit. For example, making the change of
variable g — ¢g7~! we have for each n € N,

//G U, Mgm) 1 (9)(g, 9d7) dg_//G " T I\ gr ", 7)p(dr)dg.

Using the fact that for 1 < ¢ < n, X; acts as a derivation on C°(G) we
obtain

£ 1(g) = clo) F(g)+ /

G

Agr™ 1)
Mg, 7)
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and the result follows when we make the change of variable 7 — 7¢ in the
integral. 0

We will find it convenient below to rewrite (6.26) in the form
Lf(g) = c(9)f(9) + R,f(g) — X' (b:f)(g) + X X7 (as;f)(9)
= /G LF(77Y) = f(g) + 2" (r9) Xif(9)] v(g, gdTg)],
(6.27)

for each f € C*(G), g € G. Since CX(G) € Dom(L) N Dom(L*), we see
that both £ and £* are closable in L*(G).

Note that £* is a pseudo-differential operator in the case when G is com-
pact. Its symbol ;' is easily calculated to be

7'(g.m) = (clg) — (X'bi)(9) + (X' X ai;)(9)) I
+ (2(Xay)(9) — bi(g))dr(X7) + a” (g)dm (X;)dm (X;)

)\(T_lng)W —1 -1y _ 2(ra)dr( X)) v T
4 /G<—A<gjg) (g7 7Y — I + 2'(1g)d (Xz)> (9, gdrg),

foreach g € G, 7 € G. For the reminder of this paper we will identify £ with
its restriction to C°(G). We can and will choose (x1,. .., x,) to be such that
z;(t7!) = —z;(7) for each 7 € G,1 < i < n (c.f. [7], p.219.)

Theorem 6.3 Suppose that the following conditions hold for all g € G':
1. V'(g) = X;(a")(g) for all1 <i<n.
2. Rof(g) = —c(9)f(g) for all f € CZ(G).
3. v(g,gA) = v(g,gA™"Y) for all A € B(G).
Then L is symmetric and we may write
Lf(g) = X'(ai(9)X’)f(9)

+ %/G(f@T) —2f(g9) + f(gT™H)v(g, gdr), (6.28)

forall f € CX(G),g € G.

Proof. Assume the hypotheses of the theorem hold. It is sufficient to
consider the case a;; = 0 (1 < 4,5 < n). Making the change of variable
7 — g7 ! in (6.25) we obtain

£f(g) = /G o) — £g) + ()X f () (g, gdr).
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We recognise the last expression as L*f(g) when we make the change of
variable 7 — g7~ ! in (6.27). Finally we obtain (6.28) by writing £(f)
3(L(f) + L7 f).

When L is symmetric and G is compact its symbol is given by

oo

ilg,m) = (X'ay)(g)dn(X7) + ajdn(X")dm(X7)
1

+ 5/G(yr(r) — 2@ + (77 H))v(g, gdr),

for each g € G, 7 € G.

Note that when v = 0, then condition (1) of Theorem 6.3 is both necessary
and sufficient for £ to be symmetric and (6.28) is the well-known expression
for a second order differential operator in divergence form. Suppose that con-
dition (1) of Theorem 6.3 holds and that for each g € G, A € B(G),v(g,A) =
p(g~'A) where p is (as above) a Lévy measure on G. In this case condition
(3) of Theorem 6.3 is just the requirement that p is a symmetric measure
and condition (2) holds automatically. We then have £ = Lp + L£; where
Lp is the infinitesimal generator of a diffusion process on G (in divergence
form) and £, generates a pure jump Lévy process on G. It may be that this
is the only possibility (however condition (2) in Theorem 6.3 is very strong)
- indeed for future work on symmetric Courrége-Hunt operators it may be
more fruitful to work in L?(G, p) where p is an infinitesimal invariant mea-
sure for the linear operator £ (see [1]), but in that case the representation
using pseudo differential operators will require further development.

We assume that £ is symmetric and define the symmetric bilinear form
g(fla f2) = _<£f17f2>7
fOI‘ fl,fg € CSO(G)

Corollary 6.2 The form £ has an extension which is a Dirichlet form on
L*(G). It has the Beurling-Deny representation

o) = / 0 ()Xo f)(9) (X f2) (9)dg

G
+ %/(GXG)—D(fl(T) — [1(9)(f2(7) = f2(9))J(dT, dg),

(6.29)

for f1, fo € CX(G) where D :={(g,9),9 € G} and J(dr,dg) := v(g,dr)dg.

28



Proof. The representation (6.29) is obtained by standard manipulations
(see e.g. Theorem 2.4 in [7] and Proposition 2.1 in [32] for the case where
L is the generator of a convolution semigroup.) It then follows that & is
Markovian by the argument given on page 7 of [15]. The form is closeable
by standard arguments. Hence by Theorem 3.1.1 of [15], p.98 its smallest
closed extension is a Dirichlet form. OJ

Some interesting relations between closability of £ and the behaviour of
certain negligible sets can be deduced from results in [2].

Acknowledgements. 1 would like to thank Michael Ruzhansky for several
helpful comments on an early draft of this paper.

References

[1] S.Albeverio, B.Riidiger, J-L.Wu, Invariant measures and symmetry
property of Lévy type operators, Potential Anal. 13, 147-68 (2000)

[2] S.Albeverio, S.Song, Closability and resolvent of Dirichlet forms per-
turbed by jumps, Potential Anal. 2, 115-30 (1993)

[3] D.Applebaum, Operator-valued stochastic differential equations arising
from unitary group representations, Journal of Theoretical Probability
14, 61-76 (2001)

[4] D.Applebaum, On a class of non-translation invariant Feller semigroups
on Lie groups, Potential Anal. 16, 103-14 (2002)

[5] D.Applebaum, Infinitely divisible central probability measures on com-
pact Lie groups - regularity, semigroups and transition kernels, to appear
in Annals of Prob. (2010)

[6] D.Applebaum Lévy Processes and Stochastic Calculus (second edition),
Cambridge University Press (2009)

[7] D.Applebaum, Some L? properties of semigroups of measures on Lie
groups, Semigroup Forum 79, 217-28 (2009)

[8] D.Applebaum, F.Tang, Stochastic flows of diffeomorphisms on manifolds
driven by infinite-dimensional semimartingales with jumps, Stoch. Proc.
Appl. 92, 219-36 (2002).

[9] F.Baudoin, M.Hairer, J.Teichmann, Ornstein-Uhlenbeck processes on
Lie groups, J. Funct. Anal. 255, 877-90 (2008)

29



[10]

[11]

[12]

[18]

[19]

[20]

[21]

22]

J.M.Bony, P.Courrege, P.Prioret, Semi-groupes de Feller sur une variété
a bord compacte et problemes aux limites intégro-différentiels du second-
ordre donnant lieu au principe du maximum, Ann. Inst. Fourier, Greno-

ble 18, 369-521 (1968)

P.Courrege, Sur la forme intégro-différentielle des opérateurs de C° dans
C satifaisant au principe du maximum, Sém. Théorie du Potential ex-
posé 2, (1965/66) 38pp.

P.Courrege, Sur la forme intégro-différentielle du générateur in-
finitésimal d’un semi-groupe de Feller sur une variété, Sém. Théorie
du Potential exposé 3, (1965/66) 48pp.

S.N.Ethier, T.G.Kurtz, Markov Processes, Characterisation and Con-
vergence, Wiley (1986).

J.Faraut, Analysis on Lie Groups, Cambridge University Press (2008)

M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric
Markov Processes, de Gruyter (1994).

H.Heyer, L’analyse de Fourier non-commutative et applications a
la théorie des probabilités, Ann. Inst. Henri Poincaré (Prob. Stat.)
4(1968), 143-68

H.Heyer, Infinitely divisible probability measures on compact groups, in
Lectures on Operator Algebras pp.55-249, Lecture Notes in Math. vol
247 Springer Berlin, Heidelberg, New York (1972)

H.Heyer, Probability Measures on Locally Compact Groups, Springer-
Verlag, Berlin-Heidelberg (1977)

W.Hoh, The martingale problem for a class of pseudo differential oper-
ators, Math. Ann. 300, 121-47 (1994)

W.Hoh, Pseudo differential operators generating Markov processes, Ha-
bilitationsschrift, Bielefeld (1998)

W.Hoh, N.Jacob, Some Dirichlet forms generated by pseudo differential
operators, Bull. Sc. Math. 2 série, 116, 383-98 (1992)

L.Hérmander, The Analysis of Linear Partial Differential Operators 111,
Grundlehren der Mathematischen Wissenshaften 274, Springer-Verlag
Berlin Heidelberg (1985)

30



23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

G.A.Hunt, Semigroups of measures on Lie groups, Trans. Amer. Math.
Soc. 81, 264-93 (1956)

N.Jacob, Translation invariant pseudo differential operators on compact
abelian groups, unpublished (1987)

N.Jacob, A class of Feller semigroups generated by pseudo differential
operators, Math. Z. 215, 151-66 (1994)

N.Jacob,  Pseudo-Differential Operators and Markov Processes,
Akademie-Verlag, Mathematical Research 94 (1996).

N.Jacob, Pseudo Differential Operators and Markov Processes: 1,
Fourier Analysis and Semigroups, World Scientific (2001).

N.Jacob, Pseudo Differential Operators and Markov Processes: 2, Gen-
erators and Their Potential Theory, World Scientific (2002).

N.Jacob, Pseudo Differential Operators and Markov Processes: 3,
Markov Processes and Applications, World Scientific (2005).

T.Kato, Perturbation Theory for Linear Operators (second edition),
Springer-Verlag (1995).

T. Komatsu, Markov processes associated with certain integro-
differential operators, Osaka J. Math. 10, 271-305 (1973).

H.Kunita, Analyticity and injectivity of convolution semigroups on Lie
groups, J.Funct. Anal. 165, 80-100 (1999)

M.Liao, Lévy Processes in Lie Groups, Cambridge University Press
(2004)

J.T-H.Lo, S-K.Ng, Characterizing Fourier series representations of prob-
ability distributions on compact Lie groups, Siam J. Appl. Math. 48
222-8 (1988)

R.S.Phillips, On the generation of semigroups of linear operators, Pacific
J.Math. 2, 343-69 (1952)

M.Ruzhansky, V.Turunen, Pseudo-differential Operators and Symme-
tries: Background Analysis and Advanced Topics, Birkhauser, Basel
(2010)

31



[37]

[38]

[39]

[40]

[41]

[42]

[43]

M.Ruzhansky, V.Turunen, J.Wirth, Hormander class of pseudo-
differential operators on compact Lie groups and global hypoellipticity,
preprint arXiv:1004.4396v1 (2010)

K.-1.Sato, Lévy Processes and Infinite Divisibility, Cambridge University
Press (1999)

R.L.Schilling, Conservativeness of semigroups generated by pseudo dif-
ferential operators, Potential Analysis 9, 91-104 (1998)

R.L.Schilling, A.Schnurr, The symbol associated with the solution of a
stochastic differential equation, Electronic J. Prob. 15, 1369-1393 (2010)

E.Siebert, Fourier analysis and limit theorems for convolution semi-
groups on a locally compact group, Advances in Math. 39, 111-54 (1981)

D. Stroock, Diffusion processes associated with Lévy generators, Z.
Wahrsch. verw. Geb. 32, 209-44 (1975).

M.Taylor, Pseudo Differential Operators, Lecture Notes in Mathematics
416, Springer-Verlag Berlin Heidelberg (1974)

32



