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Burkholder Inequality

(Q, F,P) is a complete probability space, with right continuous filtration
(Ft)t=0

Let M = (M;, t > 0) and N = (N;, t > 0) be adapted cadlag
martingales.
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Burkholder Inequality

(Q, F,P) is a complete probability space, with right continuous filtration
(Ft)t=0

Let M = (M;, t > 0) and N = (N;, t > 0) be adapted cadlag
martingales.

We will denote by [M] := [M, M] the quadratic co-variation process of
M.

N—1
M)t := Lipppo O (Ming,, — Ming)?,

i=1

where P = {0 =1 <... < Iy < oo} and |P| := maxy<j<n |t — ti_1].
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Burkholder Inequality

(Q, F,P) is a complete probability space, with right continuous filtration
(Ft)t=0

Let M = (M;, t > 0) and N = (N;, t > 0) be adapted cadlag
martingales.

We will denote by [M] := [M, M] the quadratic co-variation process of
M.

N—1
M)t := Lipppo O (Ming,, — Ming)?,

i=1
where P = {0 =1 <... < Iy < oo} and |P| := maxy<j<n |t — ti_1].

Definition. We say that N is differentially subordinate to M if
INo| < |Mo| and ([M]; — [N]t)+>0 is nondecreasing and nonnegative as
a function of t.
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Theorem (Generalised Burkholder Inequality)
(Burkholder, Bariuelos-Wang, Wang)

If N is differentially subordinate to M, then

INTllp < (" = 1)IM7|lp, (1.1)
forall1 < p < oo andall T >0 where the sharp constant

).

_l’_

o=
Q=

p* := max {p, q:
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Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element ¢, Lie algebra g.
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Let G be a Lie group, dimension n, neutral element ¢, Lie algebra g.

¢ := (¢(t),t > 0) a stochastic process taking values in G is a Lévy
process on G if
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Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element ¢, Lie algebra g.

¢ := (¢(t),t > 0) a stochastic process taking values in G is a Lévy
process on G if

@ ¢(0) =e(as.),

@ ¢ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable

¢(s)~"o(1),

@ (Stochastic continuity). lim;_,o P(¢(t) € A) = 0 for all A € B(G) for
which e ¢ A.
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Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element ¢, Lie algebra g.

¢ := (¢(t),t > 0) a stochastic process taking values in G is a Lévy
process on G if

@ ¢(0) =e(as.),

@ ¢ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable

¢(s)~"o(1),

@ (Stochastic continuity). lim;_,o P(¢(t) € A) = 0 for all A € B(G) for
which e ¢ A.

Law of ¢(t) is p:(A) = P(¢(t) € A).
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Co(G) is Banach space of continuous functions on G that vanish at
infinity. C°(G) dense linear subspace of smooth functions of compact
support.
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Co(G) is Banach space of continuous functions on G that vanish at
infinity. C°(G) dense linear subspace of smooth functions of compact
support.

Contraction semigroup (P:, t > 0) on Cy(G) defined by

Pf(0) = E(f(oo (1)) = /G f(or)pe(dr),

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on July 2012 6/34



Co(G) is Banach space of continuous functions on G that vanish at
infinity. C°(G) dense linear subspace of smooth functions of compact
support.

Contraction semigroup (P:, t > 0) on Cy(G) defined by
Pi(e) = E(Hoo(t) = | for)pi(an)

has a closed, densely defined generator L. Description of this operator
(due to G.Hunt (1956)) is a generalised Lévy-Khintchine formula. Need
some ingredients:

Fix {Xi,..., Xy} - a basis for g.
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@ Define a dense linear manifold C?(G) in Co(G) by

C?(G) := {f € Co(G); Xif € Co(G) and X;X;f € Co(G) for all 1 <
i,j < n}.
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@ Define a dense linear manifold C?(G) in Co(G) by
C?(G) := {f € Co(G); Xif € Co(G) and X;X;f € Co(G) for all 1 <
i,j < n}.

@ There exist functions x; € C°(G),1 < i < nso that
xi(e) = 0, Xixj(e) = o and (x1,. .., Xp) are canonical co-ordinates
in a neighbourhood of e.
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@ Define a dense linear manifold C?(G) in Co(G) by
C?(G) := {f € Co(G); Xif € Co(G) and X;X;f € Co(G) for all 1 <
i,j < n}.

@ There exist functions x; € C°(G),1 < i < nso that
xi(e) = 0, Xixj(e) = o and (x1,. .., Xp) are canonical co-ordinates
in a neighbourhood of e.

@ A measure v defined on B(G) is called a Lévy measure whenever

v({e}) =0,
/(ZX,(T ) (d1) <00 and v(G—U) < (1.2)

for any Borel neighbourhood U of e.
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Hunt’'s Theorem

Theorem (Hunt)

@ C?(G) C Dom(L).

v
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Hunt’'s Theorem

Theorem (Hunt)
@ C?(G) C Dom(L).
@ Foreacho < G, f € C?(G),
Lf(o) = b'Xif(o) + aXiXif(o)
+ /G (f(o7) — f(0) — X'(7) Xif(o))v(d7),  (1.3)

where b= (b',...b") € R",a = (a) is a non-negative-definite,
symmetric n x n real-valued matrix and v is a Lévy measure on G.

v
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Hunt’'s Theorem

Theorem (Hunt)

@ C?(G) C Dom(L).

@ Foreacho < G, f € C?(G),
Lf(o) = b'Xif(o) +aXiXf(o)
- / (f(or) — f(o) — X'(7) Xif(0))v(d7),  (1.3)
G

where b= (b',...b") € R",a = (a) is a non-negative-definite,
symmetric n x n real-valued matrix and v is a Lévy measure on G.

Conversely, any linear operator with a representation as above is the
restriction to C?(G) of the generator corresponding to a unique
convolution semigroup of probability measures.

4
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Martingale Representation

Given a cadlag Lévy process ¢ on G, Applebaum and Kunita (1993)
showed that there exists

@ A Brownian motion B, = (Bj(t), t > 0) on R” with covariance
Cov(Bi(s), B5(1)) = 2a;s A t.
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Martingale Representation

Given a cadlag Lévy process ¢ on G, Applebaum and Kunita (1993)
showed that there exists

@ A Brownian motion B, = (Bj(t), t > 0) on R” with covariance
Cov(Bi(s), B5(1)) = 2a;s A t.

@ An independent Poisson random measure N on Rt x G with
intensity measure Lebx» and compensator

N(dt, do) = N(at, do) — dtv(do),
so that for all f € C?(G),t >0
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Martingale Representation

Given a cadlag Lévy process ¢ on G, Applebaum and Kunita (1993)
showed that there exists

@ A Brownian motion B, = (Bj(t), t > 0) on R” with covariance
Cov(Bi(s), B5(1)) = 2a;s A t.

@ An independent Poisson random measure N on Rt x G with
intensity measure Lebx» and compensator

N(dt,do) = N(dt,do) — dtv(do),
so that for all f € C?(G),t >0

(o) = fe)+ /t/:f(qb s + [ Xito(s-)aBys)
/H— / —)o) — f(¢(s—))N(ds,do)  (1.4)
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Convenient to work with the standard Brownian moﬁion )
B = (B(t),t > 0) in R™ with covariance Cov(B'(t)B/(t)) = td".
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Convenient to work with the standard Brownian moﬁion )
B = (B(t),t > 0) in R™ with covariance Cov(B'(t)B/(t)) = td".

To implement this, choose an n x n matrix A such that AAT = 2a and
define Y e gby Y; = NXjfor1 <i<n.
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Convenient to work with the standard Brownian mqtion )
B = (B(t),t > 0) in R"” with covariance Cov(B'(t)B/(t)) = td".

To implement this, choose an n x n matrix A such that AAT = 2aand
define Y;egby Y; = /\{X for1 <i<n. Then

/Xf _))dBi(s) = /Yf ~))dBi(s)
_ /O Vyf(g(s-)) - dB(s),

where Vy := (Yi,..., Yn) and - is the usual inner product in R".
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Martingale Transform

Note that (P, t > 0) is also a contraction semigroup in
LP(G)(1 < p < o) where G is equipped with a right-invariant Haar
measure.
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Martingale Transform

Note that (P, t > 0) is also a contraction semigroup in

LP(G)(1 < p < o0) where G is equipped with a right-invariant Haar
measure.

Fix T > 0. Foreach f € CX(G),o € G,t > 0, define the space-time
martingale

M (ot) = (Prf)o / Vy(Prsf)(o(s-)) - dB(s)

t
+ /0+ /G [(Pr_sf)(cd(s—)7) — (Pr_sf)(cp(s—))|N(ds, d7)
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Martingale Transform

Note that (P, t > 0) is also a contraction semigroup in
LP(G)(1 < p < o) where G is equipped with a right-invariant Haar
measure.

Fix T > 0. Foreach f € CX(G),o € G,t > 0, define the space-time
martingale

M (o, t)

(Prf)(o / Vy(Pr_of)(0d(s-)) - dB(s)

t+ .
+ [ [UPr-shiosls-)m) - (Pr-sf)(ao(s-))I(ds, o)
0o JaG
(1.5)
In fact we obtain this when we replace f in (1.4) with L, Pr_.f where

Lof(T) := f(oT).
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Let A: Rt x G— M,(R) and ¢ : Rt x G x G — R be bounded
continuous functions such that ||A|| V ||| < 1 and define the
martingale transform
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Let A: Rt x G— M,(R) and ¢ : Rt x G x G — R be bounded
continuous functions such that ||A|| V ||| < 1 and define the
martingale transform

t
M7 = [ AT = s.00(s-)Vr(Pr-af)(oo(s-) - dB(o)

t+
+ / /{PT od(s-)7) — (Pr_sf)(od(s-)}
T —s,0¢0(s—), )}N(ds dr). (1.6)

X
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Quadratic Variation

t
(M (o, = / Yy (Pr_sf)(cé(s-))ds

_l’_

t+
/ / (Pr_s)(0é(s—)7) — (Pr_sf)(od(s—))2
x N(ds, dr)
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Quadratic Variation

t
(Mo, )] = / Yy (Pr_sf)(cé(s-))ds

t
- : [ 1Pr-shieo(s-In) - (Pr-af)(oo(s )P
xN(ds, dr) (1.7)
while
(MTA9(o / A(T — 5,06(s—))Vy(Pr_sf)(od(s—))ds

t
+ [ [ {tPranio(s=yr) - (Pr_shiools-)}
x {[(T = s,06(s-), 7)1} N(ds, dr). (1.8)
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Apply Burkholders Inequality

From our assumptions on A and ) we deduce that
(M,ST;A“/’)(U, t),0 < t < T) is differentially subordinate to
(M}T)(a, t),t > 0) and so

T;A, * T
IMTAD) |, < (p* — 1)) IMT) .
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Apply Burkholders Inequality

From our assumptions on A and ) we deduce that
(M,ST;A“/’)(U, t),0 < t < T) is differentially subordinate to
(M}T)(a, t),t > 0) and so

T:A, * T
1M A1 < (0 = DM o (1.9)
where M/ (o) := M/ (o, T) and the norm || - ||, is in LP(Q2 x G) so that

IXO)lp = ( /. E(rX(a)\P)da);’ |
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Apply Burkholders Inequality

From our assumptions on A and ) we deduce that
(M,ST;A“/’)(U, t),0 < t < T) is differentially subordinate to
(M)ST)(O', t),t > 0) and so

T:A, * T
1M A1 < (0 = DM o (1.9)
where M/ (o) := M/ (o, T) and the norm || - ||, is in LP(Q2 x G) so that

IXO)lp = ( /. E(rX(a)\P)da);’ |

To obtain (1.9) first apply (1.1) at arbitrary o € G and then integrate
both sides with respect to Haar measure.
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

MY = 1FCo(T)II
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

IMTB = J|fCo(T)IIB
_ / / (o) Por(dr)do (1.10)
GJG
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

IMDNE = J1fCo(T)IIB
_ / / (o) Por(dr)do (1.10)
GJG
= o)|Pdo = P
/(;rf( )Pdo = ||f|I3
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

IMDNE = J1fCo(T)IIB
_ / / (o) Por(dr)do (1.10)
GJG
= o)|Pdo = P
/(;rf( )Pdo = ||f|I3

Now let g = ;24 and for given g € Cz°(G), we define a linear
functional /\gT AY on C2°(G) by the prescription
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

IMDNE = J1fCo(T)IIB
_ / / (o) Por(dr)do (1.10)
GJG
= o)|Pdo = P
/(;rf( )Pdo = ||f|I3

Now let g = ;24 and for given g € Cz°(G), we define a linear
functional /\gT AY on C2°(G) by the prescription

NG (F) = /GE(MV;A"“(O—)MS”WDC’U a.11)
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Using Hélder’s inequality, inequality (1.9) and equality (1.10), we obtain

T;A, T;A, T
INFAY ] < IMTAD M7 g
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Using Hélder’s inequality, inequality (1.9) and equality (1.10), we obtain

NGV ()]

IN

T;A, T
IMETAD Mg
% T T
(" — DM/ [ME7] |4

IN
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Using Hélder’s inequality, inequality (1.9) and equality (1.10), we obtain

NGV ()]

IN

T;A, T
IMETAD Mg

% T T
< (P = DMl IME g
(0" = DIIfllollgllq-
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Using Hélder’s inequality, inequality (1.9) and equality (1.10), we obtain

NGV ()]

IN

T;A, T
IMETAD Mg
% T T
< (P = DMl IME g
(0" = DIIfllollgllq- (1.12)

Hence A;;A’d’ extends to a bounded linear functional on LP(G) and by

duality, there exists a bounded linear operator S/{w on LP(G) for which

N2 = [ Shuf(e)a(r)do
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Using Hélder’s inequality, inequality (1.9) and equality (1.10), we obtain

NGV ()]

IN

M4 ol Mg g
< (P = DIM o M5"lq

(0* = D)Ifllol19]lq. (1.12)
T;Aq

Hence A;"™" extends to a bounded linear functional on LP(G) and by
duality, there exists a bounded linear operator S/{w on LP(G) for which

ATAY(f) = /G s}, f(0)g(0)do,
forall f € LP(G), g € L9(G) and with

||SAT,¢HP < (p*—1).
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We can also probe (1.11) using It6’s isometry to find that
A (f)

A
_ / / E{A(T — s,06(5—))V y(Pr_sf)(oé(s—))

x Vy(Pr_sg)(c¢(s—))}dsdo

+ / / / E{[(Pr_sf)(06(s-)7) — (Pr_sf)(od(s-))]
% [(Pr—s@)(cd(s—)7) — (Pr—s@)(cé(s—)

x (T —s,0¢(s—),7)}dsv(dr)do
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We can also probe (1.11) using It6’s isometry to find that
A (f)
= [ [ BIAT s cils TP oss)
Vy(Pr—_s9)(c¢(s—))}tdsdo

L/ / E{[(Pr_sf)(00(5—)7) — (Pr_sf)(o(s))

[(Pr-s9)(c¢(s—)7) — (Pr—s9)(0¢(s—))]
(T — s,00(s—),7)}dsv(dT)do

- / / A(T = 5,0)Vy(Pr_s)(0) - Vy(Pr_sg)(c)dods

X

_|_

X X

o [ ][ Prnen - Pr nENPr-0)en) - (Pr-o)o)
x (T —s,o0,7)v(dr)dods
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.
A = / / A(s. o)V y(Psf)(0) - Vy(Psg)(0)dods

+

[ [ [1esnien) - Bn@lieaien) - (P
Y(s,o,7)v(dr)dods. (1.13)

X
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)
A = /0 /GA(Sm)vy(Psf)(a)-Vv(Psg)(U)dads

i
T /0 /G /G [(PsF)(07) — (PsF)(0)][(Psg)(o7) — (Ps@)(0)]
x (8,0, 7)v(dr)dods. (1.13)
Choosing
Ao, — TP & Ty (Peg)(o)
) =y (Poh) (@) [V (Psg) ()]
and

(s, 0,7) = sign((Psf)(a7) — Psf(a))((Psg)(o7) — Psg(0)))

we can show that the integrals on the RHS of (1.13) converge
absolutely. Hence we can apply the previous argument in a
time-independent manner to conclude the following.
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Construction of Bounded Linear Operators on LP(G)

Let A:RT x G — My(R) and ) : RT x G x G — Mp(R) be bounded
continuous functions such that ||A|| V ||v|| < 1. There exists a bounded
linear operator Sp, on LP(G), 1 < p < oo, for which

/ Spwf(o)g(o)do
G

_ /OO/ A(S,U)VY(PSf)(U) 'VY(Psg)(J)des

" / [ [1Pshion) - (Peh(o)

[(Psg)(o1) — (Psg)(0)]v(s, o, 7)v(dT)dods, (1.14)
forall f,g € CX(G).

X

v
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Theorem

(continued) Furthermore, for all f € LP(G) and g € LY(G), 5 + ¢ =1,

| [ sastt)gode] < @ = Diflolgle  (115)

and

1Saufllp < (p* = 1)IIflp- (1.16)

To exhibit S, , as a Fourier multiplier, we need to apply Plancherel’s
theorem within (1.14).
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Compact Lie Groups: Representations, Peter-Weyl

Theorem

From now on, G is a compact, connected Lie group.
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Compact Lie Groups: Representations, Peter-Weyl

Theorem

From now on, G is a compact, connected Lie group.

Haar measure is bi-invariant and normalised to have total mass 1.
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Compact Lie Groups: Representations, Peter-Weyl

Theorem

From now on, G is a compact, connected Lie group.
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Compact Lie Groups: Representations, Peter-Weyl

Theorem

From now on, G is a compact, connected Lie group.
Haar measure is bi-invariant and normalised to have total mass 1.

Let G be the unitary dual of G, i.e. the set of all equivalence classes
(modulo unitary equivalence) of irreducible representations of G.

The set G is countable and each 7 € G is finite dimensional.

Hence there exists a finite dimensional complex Hilbert space V.,
having dimension d, such that for each ¢ € G, 7(0) is a unitary matrix.

We define the co-ordinate functions 7;;(0) = 7(o); for
o€ G1<i,j<d;. We have 7 € C*(G).

Theorem (Peter-Weyl)

{Vdimji1 <i,j<dr, 7€ é} is a complete orthonormal basis for
L2(G,C).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on July 2012 21/34



Fourier Multipliers

For each f € L?(G,C), we define its non-commutative Fourier
transform to be the matrix f(7) defined by

Ty = /G (o)mj(o~")do,

foreach 1 <i,j < d,.
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Fourier Multipliers

For each f € L?(G,C), we define its non-commutative Fourier
transform to be the matrix f(7) defined by

Ty = /G (o)mj(o~")do,

foreach 1 <i,j < d;. The Plancherel theorem takes the form

/G f(0)g(o)do = 3 autr(F(m)a(r)"), (1.17)
weé

for f,g € L?(G,C).
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Fourier Multipliers

For each f € L?(G,C), we define its non-commutative Fourier
transform to be the matrix f(7) defined by

Ty = /G (o)mj(o~")do,

foreach 1 <i,j < d;. The Plancherel theorem takes the form

/G f(0)g(o)do = 3 autr(F(m)a(r)"), (1.17)

weé

for f,g € L?(G, C). In particular if T is a bounded linear operator on
L?(G,C) we have

/G Tf(o)g(o)do = detr(TH(m)G(7)"). (1.18)
reG
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We say that the operator T is a Fourier multiplier if for each 7 € G
there exists a d. x d, complex matrix mr(x) so that

~

Ti(r) = mr(x)f(x).
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We say that the operator T is a Fourier multiplier if for each 7 € G
there exists a d. x d, complex matrix mr(x) so that

Ti(r) = my(m)f(r). (1.19)

We call the matrices (mr(r), 7 € é) the symbol of the operator T.
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Casimir Spectrum

Given 7 € G we obtain the derived representation dr of the Lie
algebra g from the identity

m(exp(X)) = "),
for each X € g.
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From now on {Xj, ..., X} will be an orthonormal basis for g with
respect to a given (Ad-invariant) metric on G.
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Given 7 € G we obtain the derived representation dr of the Lie
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Given 7 € G we obtain the derived representation dr of the Lie
algebra g from the identity

m(exp(X)) = eI,
for each X € g. Then dn(X) is a skew-hermitian matrix acting in V..

From now on {Xj, ..., X} will be an orthonormal basis for g with
respect to a given (Ad-invariant) metric on G. We define the Casimir
operator Q. by Q. := >, dn(X;)?.

Then Q. = —k, I, where I is the identity matrix acting on V. and
kx> 0.
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Casimir Spectrum

Given 7 € G we obtain the derived representation dr of the Lie
algebra g from the identity

m(exp(X)) = eI,
for each X € g. Then dn(X) is a skew-hermitian matrix acting in V..

From now on {Xj, ..., X} will be an orthonormal basis for g with
respect to a given (Ad-invariant) metric on G. We define the Casimir
operator Q. by Q. := >, dn(X;)?.
Then Q. = —k, I, where I is the identity matrix acting on V. and
kx> 0.
The Laplace-Beltrami operator A = Y"7_, X2 is an essentially
self-adjoint operator in L2(G, C) with domain C>=(G, C) having discrete
spectrum with

ATjj = —kqTj, (1.20)

forallme G,1<i,j<d,.
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Then the heat semigroup P; = e!® satisfies

Pﬁ[’,‘j = e""‘”mj, (1.21)

forallt>0,m¢c G,1<ij<d,.
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Then the heat semigroup P; = e!® satisfies

Pﬁ[’,‘j = e‘““”mj, (1.21)
forallt>0,m¢c G,1<ij<d,.
Hence for f € L2(G),

— ~

Pif = e~ trrf (1.22)
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),

[ safto)g(ords = 2 [ h [ A Tx(Pef)(a) - Tx(Psg)(e)docs.
G 0 G
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),

[ safto)g(ords = 2 [ h [ A Tx(Pef)(a) - Tx(Psg)(e)docs.
G 0 G

_ /0 h /G A(8)APasf(0)g(0)dods.
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),

/ Saf(0)g(o)do = 2 / h / A(S)Vx(Psf)(0) - Vx(Psg)(c)dods,
G 0 G
I / A(S)APysf(0)g(o)dods.
0 G

_ 2 / A(s) S derne 2 tr(f(m)g(m)")ds.

0 —~
TeG
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.

Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),
| sut@)gorde = 2 [ [ ASTx(P)(e)- Tx(Peg)(c)docs.
S OOO /G A(8)APysf()g(c)dords.
_ 2 /0 T AS) S dorre 2 te(F(m)a(m)" ) .
G

Hence for all 7 € G we have

Saf(r) = < /O h 2Kﬂe—2SHwA(s)ds) )
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),

/ Saf(0)g(o)do = 2 / h / A(S)Vx(Psf)(0) - Vx(Psg)(c)dods,
G 0 G
I / A(S)APysf(0)g(o)dods.
0 G

_ 2 / A(s) S derne 2 tr(f(m)g(m)")ds.

0

e
Hence for all 7 € G we have
—— w o~
Saf(r) = </ Zmﬂe‘zs“ﬂA(s)ds) f(m) (1.23)
0

and Sy is an operator of Laplace transform-type.
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Operators of Laplace-Transform Type

Put ¢ = 0 and a = 2/ so ¢ is a Brownian motion with generator A. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f,g € C>*(G),

/ Saf(0)g(o)do = 2 / h / A(S)Vx(Psf)(0) - Vx(Psg)(c)dods,
G 0 G
I / A(S)APysf(0)g(o)dods.
0 G

_ 2 / A(s) S derne 2 tr(f(m)g(m)")ds.

0

e
Hence for all 7 € G we have
—— w o~
Saf(r) = </ ZKﬂe‘zs“ﬂA(s)ds) f(m) (1.23)
0

and Sy is an operator of Laplace transform-type. It is clearly a Fourier
multiplier in the sense of (1.19).
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A special case of particular interest is obtained by taking

_(2s)™
A(s) = ) I, where v € R.
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A special case of particular interest is obtained by taking

_ (2s)™
AlS) = F =i .
shows that the symbol is mg,(7) = k'’ and so Sy = (—A)" is an
imaginary power of the Laplacian.

I, where + € R. In this case an easy computation
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A special case of particular interest is obtained by taking

_ (2s)™
AlS) = F =i .
shows that the symbol is mg,(7) = k'’ and so Sy = (—A)" is an
imaginary power of the Laplacian.

I, where + € R. In this case an easy computation

For1 < p < o, f € LP(G), we have

. p* —1
1(=A)"fllp < — ‘Hpr-

r(t —i)
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A special case of particular interest is obtained by taking

_ (2s)™
AlS) = F =i .
shows that the symbol is mg,(7) = k'’ and so Sy = (—A)" is an
imaginary power of the Laplacian.

I, where + € R. In this case an easy computation

For1 < p < o, f € LP(G), we have

, p* —1
1(=2)"llp < mwp- (1.24)

We have many examples when A = 0 and the contribution is from the
non-local part of the process. One class of such examples is obtained
by subordination of Brownian motion.
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Multipliers via Subordination

In this section we will consider an operator of the form S, := S ,,
which is built from the non-local part of the Lévy process.
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Multipliers via Subordination

In this section we will consider an operator of the form S, := S ,,
which is built from the non-local part of the Lévy process.

To this end, let (T(t), t > 0) be a subordinator, i.e. an almost surely
non-decreasing real-valued Lévy process (so T(t) takes values in R™
with probability one for all t > 0) .
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Multipliers via Subordination

In this section we will consider an operator of the form S, := S ,,
which is built from the non-local part of the Lévy process.

To this end, let (T(t), t > 0) be a subordinator, i.e. an almost surely
non-decreasing real-valued Lévy process (so T(t) takes values in R™
with probability one for all t > 0) .

Then we have
E(efuT(t)) — othu)

forallu > 0,t > 0 where h: (0,00) — RT is a Bernstein function for
which lim,_,o h(u) = 0.
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Multipliers via Subordination

In this section we will consider an operator of the form S, := S ,,
which is built from the non-local part of the Lévy process.

To this end, let (T(t), t > 0) be a subordinator, i.e. an almost surely
non-decreasing real-valued Lévy process (so T(t) takes values in R™
with probability one for all t > 0) .

Then we have
E(efuT(t)) — othu)

forallu > 0,t > 0 where h: (0,00) — RT is a Bernstein function for
which lim,_,o h(u) = 0.

Hence h must take the form

h(u) = cu+ / (1 — e~¥)\(dy) (1.25)
(0,00)

where ¢ > 0 and X is a Borel measure on (0, o) satisfying

J0.00)(1 AYIA(dy) < o0.
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It is well-known that if ¢ is a Lévy process in G and (T(t),t > 0) is an
independent subordinator with Bernstein function h then the process
o1 = (¢7(t),t > 0) is again a Lévy process in G where

o7(t) = o(T(1))

forall t > 0.
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It is well-known that if ¢ is a Lévy process in G and (T(t),t > 0) is an
independent subordinator with Bernstein function h then the process
o1 = (¢7(t),t > 0) is again a Lévy process in G where

o7(t) = o(T(1))

forall t > 0.
We denote the law of T(t) by p;, for each t > 0.

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on July 2012 29/34



It is well-known that if ¢ is a Lévy process in G and (T(t),t > 0) is an
independent subordinator with Bernstein function h then the process
o1 = (¢7(1),t > 0) is again a Lévy process in G where

or1(t) == o(T(1))
forall t > 0.

We denote the law of T(t) by p;, for each t > 0.

Let (P, t > 0) be the semigroup of convolution operators on C(G) that
is associated to the process ¢ and (P!, t > 0) be the corresponding
semigroup of convolution operators associated to the process ¢7.
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It is well-known that if ¢ is a Lévy process in G and (T(t),t > 0) is an
independent subordinator with Bernstein function h then the process
o1 = (¢7(1),t > 0) is again a Lévy process in G where

or1(t) == o(T(1))
forall t > 0.

We denote the law of T(t) by p;, for each t > 0.

Let (P, t > 0) be the semigroup of convolution operators on C(G) that
is associated to the process ¢ and (P[’, t > 0) be the corresponding
semigroup of convolution operators associated to the process ¢7r. We
have

Phf(o) = /( . Poln(@s) (1.26)

forallt > 0,f € C(G),o € G.
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It is well-known that if ¢ is a Lévy process in G and (T(t),t > 0) is an
independent subordinator with Bernstein function h then the process
o1 = (¢7(1),t > 0) is again a Lévy process in G where

or(t) == o(T(1))
forall t > 0.
We denote the law of T(t) by p;, for each t > 0.

Let (P, t > 0) be the semigroup of convolution operators on C(G) that
is associated to the process ¢ and (P[’, t > 0) be the corresponding
semigroup of convolution operators associated to the process ¢7r. We
have

Phf(o) = /( . Poln(@s) (1.26)

forallt > 0,f € C(G),o € G. In the sequel we will always take ¢ to be
Brownian motion on G.
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If (P, t > 0) is the heat semigroup on G then for all
fe C(G),me G, t>0,

Pff(r) = e~ "2)f(r).
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Theorem

If (P, t > 0) is the heat semigroup on G then for all
fe C(G),me G, t>0,

Pff(r) = e~ "2)f(r).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

Phf(r //OOO Psf(0)pu(ds) (o~ ) dor
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Theorem

If (P, t > 0) is the heat semigroup on G then for all
fe C(G),me G, t>0,

Pff(r) = e~ "2)f(r).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

/h\7r = o 71'0_1 o
P = [ /(O’OO) PoH(0)or(ds)r (o)

_ /(0700) ( /G Psf(a)w(a_1)da) p(dls)
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Theorem

If (P, t > 0) is the heat semigroup on G then for all
fe C(G),meG,t>0,

Pff(r) = e~ "2)f(r).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

/h\7r = o 71'0_1 o
P = [ /(O’OO) PoH(0)or(ds)r (o)

_ /(0700) ( /G Psf(a)w(a_1)da) p(dls)

_ / &5 py(dls)F(m)
(0.00)
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If (P, t > 0) is the heat semigroup on G then for all
fe C(G),meG,t>0,

Pff(r) = e~ "2)f(r).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

/h\7r = o 71'0_1 o
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So the generator of (P}, t > 0) is —h(—A),

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on July 2012 31/34



So the generator of (P, t > 0) is —h(—A),
e.g. if h(u) = u* for 0 < a < 1 then
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So the generator of (P, t > 0) is —h(—A),
e.g. if h(u) = u* for 0 < a < 1 then

We now take A =0 in (1.14) and take the Lévy process to be of the
form ¢t as just described. For simplicity we also assume that « only
depends on the jumps of the process and so we write ¢ (7) := (-, -, 7)
foreach 7 € G.
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So the generator of (P, t > 0) is —h(—A),
e.g. if h(u) = u* for 0 < a < 1 then

We now take A =0 in (1.14) and take the Lévy process to be of the
form ¢t as just described. For simplicity we also assume that « only
depends on the jumps of the process and so we write ¢ (7) := (-, -, 7)
foreach 7 € G.

/G Suf(o)g(o / / / (PPA)(or) — (PPA)(0)]  (1.27)

X [(Pgg)(or) — (PEg)(o)]i(r)v(dr)dods
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Now using (1.18) and Proposition 7 we obtain
/ Syf(c)g(o)do
G
— —2sh(kr) U YNFONA ) *
7[5 dhe 2t (n(r) — 1)) (r ()" — 1)

TeG

x (r)v(dr)ds

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on July 2012 32/34



Now using (1.18) and Proposition 7 we obtain

/ Suf(0)g(0)do
G

= /OOO /G Z dﬂe—2sh(ﬁw)tr[(7.‘.(7.) _ /W)/f\(ﬂ-)a(ﬂ-)*(ﬂ-(T)* )]

TeG

(T )l/(dT)dS
— / Zd o 1Rl = 7(7) = 7(7) )G () T (r)w(r)

X
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Now using (1.18) and Proposition 7 we obtain

/ Suf(0)g(0)do
G

= /OOO /G Z dﬂe—2sh(ﬁw)tr[(7.‘.(7.) _ /W)/f\(ﬂ-)a(ﬂ-)*(ﬂ-(T)* )]

TeG

(T )l/(dT)dS
— / Zd o 1Rl = 7(7) = 7(7) )G () T (r)w(r)

X

and so S, is a Fourier multiplier with

ms, () = gy [ @k =70 = =) Jumer).  (1.28)

for m € G.
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From Theorem 3 we obtain

Let Sy, be the operator with Fourier multiplier given by (1.28). If
lv]| <1, then

1Sufllp < (P = 1)Ifllp, (1.29)
forall1 < p < oo, f € LP(G).
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From Theorem 3 we obtain

Let S, be the operator with Fourier multiplier given by (1.28). If
lv]| <1, then

1Sufllp < (P = 1)Ifllp, (1.29)
forall1 < p < oo, f € LP(G).

We can also obtain examples of multipliers generated by Lévy
processes on R” as in

R.Banuelos, K.Bogdan, J. Funct. Anal. 250, 197(2007) and

R.Banuelos, A.Bielaszewski, K.Bogdan, Marcinkiewcz Centenary
Volume, Banach Center Publications, 95, 9(2012).
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Vielen Dank fur lhre
Aufmerksamkeit.

Thank you for listening.
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