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Outline of Talk

Describe space-time martingales associated to Lévy processes
on Lie groups.

Construct martingale transforms by perturbing both local and
non-local parts.

Project to obtain bounded operators on Lp(G)(1 < p <∞) with
sharp constants (via Burkholder inequalities.)

Realise operators as Fourier multipliers on L2(G) when G is
compact using Peter-Weyl theory.

Examples - second order Riesz transforms, operators of Laplace
transform type, subordinated multipliers, central multipliers.
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Burkholder Inequality

(Ω,F ,P) is a complete probability space, with right continuous filtration
(Ft )t≥0

Let M = (Mt , t ≥ 0) and N = (Nt , t ≥ 0) be adapted càdlàg
martingales.

We will denote by [M] := [M,M] the quadratic co-variation process of
M.

[M]t := l.i.p|P|→0

N−1∑
i=1

(Mt∧ti+1 −Mt∧ti )
2,

where P = {0 = t0 < . . . < tN <∞} and |P| := max1≤i≤N |ti − ti−1|.
Definition. We say that N is differentially subordinate to M if
|N0| ≤ |M0| and ([M]t − [N]t )t≥0 is nondecreasing and nonnegative as
a function of t .
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Theorem (Generalised Burkholder Inequality)
(Burkholder, Bañuelos-Wang, Wang)

If N is differentially subordinate to M, then

‖NT‖p ≤ (p∗ − 1)‖MT‖p, (1.1)

for all 1 < p <∞ and all T > 0 where the sharp constant

p∗ := max
{

p,q :
1
p

+
1
q

= 1
}
.
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Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element e, Lie algebra g.

φ := (φ(t), t ≥ 0) a stochastic process taking values in G is a Lévy
process on G if

φ(0) = e (a.s.),

φ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable
φ(s)−1φ(t),

(Stochastic continuity). limt→0 P(φ(t) ∈ A) = 0 for all A ∈ B(G) for
which e /∈ A.

Law of φ(t) is pt (A) = P(φ(t) ∈ A).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 5 / 34



Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element e, Lie algebra g.

φ := (φ(t), t ≥ 0) a stochastic process taking values in G is a Lévy
process on G if

φ(0) = e (a.s.),

φ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable
φ(s)−1φ(t),

(Stochastic continuity). limt→0 P(φ(t) ∈ A) = 0 for all A ∈ B(G) for
which e /∈ A.

Law of φ(t) is pt (A) = P(φ(t) ∈ A).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 5 / 34



Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element e, Lie algebra g.

φ := (φ(t), t ≥ 0) a stochastic process taking values in G is a Lévy
process on G if

φ(0) = e (a.s.),

φ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable
φ(s)−1φ(t),

(Stochastic continuity). limt→0 P(φ(t) ∈ A) = 0 for all A ∈ B(G) for
which e /∈ A.

Law of φ(t) is pt (A) = P(φ(t) ∈ A).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 5 / 34



Lévy Processes on Lie Groups

Let G be a Lie group, dimension n, neutral element e, Lie algebra g.

φ := (φ(t), t ≥ 0) a stochastic process taking values in G is a Lévy
process on G if

φ(0) = e (a.s.),

φ has stationary and independent right increments, where the
right increment between s and a later time t is the random variable
φ(s)−1φ(t),

(Stochastic continuity). limt→0 P(φ(t) ∈ A) = 0 for all A ∈ B(G) for
which e /∈ A.

Law of φ(t) is pt (A) = P(φ(t) ∈ A).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 5 / 34



C0(G) is Banach space of continuous functions on G that vanish at
infinity. C∞c (G) dense linear subspace of smooth functions of compact
support.

Contraction semigroup (Pt , t ≥ 0) on C0(G) defined by

Pt f (σ) = E(f (σφ(t)) =

∫
G

f (στ)pt (dτ),

has a closed, densely defined generator L. Description of this operator
(due to G.Hunt (1956)) is a generalised Lévy-Khintchine formula. Need
some ingredients:

Fix {X1, . . . ,Xn} - a basis for g.
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Define a dense linear manifold C2(G) in C0(G) by

C2(G) := {f ∈ C0(G); Xi f ∈ C0(G) and XiXj f ∈ C0(G) for all 1 ≤
i , j ≤ n}.

There exist functions xi ∈ C∞c (G),1 ≤ i ≤ n so that
xi(e) = 0,Xixj(e) = δij and (x1, . . . , xn) are canonical co-ordinates
in a neighbourhood of e.
A measure ν defined on B(G) is called a Lévy measure whenever
ν({e}) = 0,∫

U

(
n∑

i=1

xi(τ)2

)
ν(dτ) <∞ and ν(G − U) <∞, (1.2)

for any Borel neighbourhood U of e.
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Hunt’s Theorem

Theorem (Hunt)

1 C2(G) ⊆ Dom(L).

2 For each σ ∈ G, f ∈ C2(G),

Lf (σ) = biXi f (σ) + aijXiXj f (σ)

+

∫
G

(f (στ)− f (σ)− x i(τ)Xi f (σ))ν(dτ), (1.3)

where b = (b1, . . .bn) ∈ Rn,a = (aij) is a non-negative-definite,
symmetric n× n real-valued matrix and ν is a Lévy measure on G.

Conversely, any linear operator with a representation as above is the
restriction to C2(G) of the generator corresponding to a unique
convolution semigroup of probability measures.
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Martingale Representation

Given a càdlàg Lévy process φ on G, Applebaum and Kunita (1993)
showed that there exists

A Brownian motion Ba = (Ba(t), t ≥ 0) on Rn with covariance

Cov(Bi
a(s),Bj

a(t)) = 2aijs ∧ t .

An independent Poisson random measure N on R+ ×G with
intensity measure Leb×ν and compensator

Ñ(dt ,dσ) = N(dt ,dσ)− dtν(dσ),

so that for all f ∈ C2(G), t ≥ 0

f (φ(t)) = f (e) +

∫ t

0
Lf (φ(s−))ds +

∫ t

0
Xi f (φ(s−))dBi

a(s)

+

∫ t+

0

∫
G

(f (φ(s−)σ)− f (φ(s−))Ñ(ds,dσ) (1.4)
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Convenient to work with the standard Brownian motion
B = (B(t), t ≥ 0) in Rn with covariance Cov(Bi(t)Bj(t)) = tδij .

To implement this, choose an n × n matrix Λ such that ΛΛT = 2a and
define Yi ∈ g by Yi = Λj

iXj for 1 ≤ i ≤ n. Then∫ t

0
Xi f (φ(s−))dBi

a(s) =

∫ t

0
Yi f (φ(s−))dBi(s)

=

∫ t

0
∇Y f (φ(s−)) · dB(s),

where ∇Y := (Y1, . . . ,Yn) and · is the usual inner product in Rn.
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Martingale Transform

Note that (Pt , t ≥ 0) is also a contraction semigroup in
Lp(G)(1 < p <∞) where G is equipped with a right-invariant Haar
measure.

Fix T > 0. For each f ∈ C∞c (G), σ ∈ G, t ≥ 0, define the space-time
martingale

M(T )
f (σ, t) = (PT f )(σ) +

∫ t

0
∇Y (PT−sf )(σφ(s−)) · dB(s)

+

∫ t+

0

∫
G

[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]Ñ(ds,dτ)

(1.5)

In fact we obtain this when we replace f in (1.4) with LσPT−·f where
Lσf (τ) := f (στ).
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Let A : R+ ×G→ Mn(R) and ψ : R+ ×G ×G→ R be bounded
continuous functions such that ||A|| ∨ ||ψ|| ≤ 1 and define the
martingale transform

M(T ;A,ψ)
f (σ, t) =

∫ t

0
A(T − s, σφ(s−))∇Y (PT−sf )(σφ(s−)) · dB(s)

+

∫ t+

0

∫
G
{(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−)}

× {ψ(T − s, σφ(s−), τ)} Ñ(ds,dτ). (1.6)
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Quadratic Variation

[(M(T )
f (σ, ·)]t =

∫ t

0
|∇Y (PT−sf )(σφ(s−))|2ds

+

∫ t+

0

∫
G

[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]2

×N(ds,dτ)

(1.7)

while

[(M(T ;A,ψ)
f (σ, ·)]t =

∫ t

0
|A(T − s, σφ(s−))∇Y (PT−sf )(σφ(s−))|2ds

+

∫ t+

0

∫
G

{
[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]2

}
×

{
[ψ(T − s, σφ(s−), τ)]2

}
N(ds,dτ). (1.8)
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+

∫ t+

0

∫
G

[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]2

×N(ds,dτ) (1.7)

while

[(M(T ;A,ψ)
f (σ, ·)]t =

∫ t

0
|A(T − s, σφ(s−))∇Y (PT−sf )(σφ(s−))|2ds
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∫ t+

0

∫
G

{
[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]2

}
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{
[ψ(T − s, σφ(s−), τ)]2

}
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Apply Burkholders Inequality

From our assumptions on A and ψ we deduce that
(M(T ;A,ψ)

f (σ, t),0 ≤ t ≤ T ) is differentially subordinate to
(M(T )

f (σ, t), t ≥ 0) and so

||M(T ;A,ψ)
f ||p ≤ (p∗ − 1)||M(T )

f ||p.

(1.9)

where MT
f (σ) := MT

f (σ,T ) and the norm || · ||p is in Lp(Ω×G) so that

||X (·)||p :=

(∫
G
E(|X (σ)|p)dσ

) 1
p

.

To obtain (1.9) first apply (1.1) at arbitrary σ ∈ G and then integrate
both sides with respect to Haar measure.
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But using Fubini’s theorem and the right invariance of the Haar
measure we see that

||M(T )
f ||

p
p = ||f (·φ(T )||pp

=

∫
G

∫
G
|f (στ)|ppT (dτ)dσ (1.10)

=

∫
G
|f (σ)|pdσ = ||f ||pp.

Now let q = p
p−1 and for given g ∈ C∞c (G), we define a linear

functional ΛT ;A,ψ
g on C∞c (G) by the prescription

ΛT ;A,ψ
g (f ) =

∫
G
E(M(T ;A,ψ)

f (σ)M(T )
g (σ))dσ (1.11)
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Using Hölder’s inequality, inequality (1.9) and equality (1.10), we obtain

|ΛT ;A,ψ
g (f )| ≤ ||M(T ;A,ψ)

f ||p||M(T )
g ||q

≤ (p∗ − 1)||M(T )
f ||p||M

(T )
g ||q

= (p∗ − 1)||f ||p||g||q. (1.12)

Hence ΛT ;A,ψ
g extends to a bounded linear functional on Lp(G) and by

duality, there exists a bounded linear operator ST
A,ψ on Lp(G) for which

ΛT ;A,ψ
g (f ) =

∫
G

ST
A,ψf (σ)g(σ)dσ,

for all f ∈ Lp(G),g ∈ Lq(G) and with

||ST
A,ψ||p ≤ (p∗ − 1).
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We can also probe (1.11) using Itô’s isometry to find that

ΛT ;A,ψ
g (f )

=

∫
G

∫ T

0
E{A(T − s, σφ(s−))∇Y (PT−sf )(σφ(s−))

× ·∇Y (PT−sg)(σφ(s−))}dsdσ

+

∫
G

∫
G

∫ T

0
E{[(PT−sf )(σφ(s−)τ)− (PT−sf )(σφ(s−))]

× [(PT−sg)(σφ(s−)τ)− (PT−sg)(σφ(s−))]

× ψ(T − s, σφ(s−), τ)}dsν(dτ)dσ

=

∫ T

0

∫
G

A(T − s, σ)∇Y (PT−sf )(σ) · ∇Y (PT−sg)(σ)dσds

+

∫ T

0

∫
G

∫
G

[(PT−sf )(στ)− (PT−sf )(σ)][(PT−sg)(στ)− (PT−sg)(σ)]

× ψ(T − s, σ, τ)ν(dτ)dσds
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and so

ΛT ;A,ψ
g (f ) =

∫ T

0

∫
G

A(s, σ)∇Y (Psf )(σ) · ∇Y (Psg)(σ)dσds

+

∫ T

0

∫
G

∫
G

[(Psf )(στ)− (Psf )(σ)][(Psg)(στ)− (Psg)(σ)]

× ψ(s, σ, τ)ν(dτ)dσds. (1.13)

Choosing

A(s, σ) =
∇Y (Psf )(σ)⊗∇Y (Psg)(σ)

|∇Y (Psf )(σ)| |∇Y (Psg)(σ)|
,

and

ψ(s, σ, τ) = sign((Psf )(στ)− Psf (σ))((Psg)(στ)− Psg(σ)))

we can show that the integrals on the RHS of (1.13) converge
absolutely. Hence we can apply the previous argument in a
time-independent manner to conclude the following.
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Construction of Bounded Linear Operators on Lp(G)

Theorem

Let A : R+ ×G→ Mn(R) and ψ : R+ ×G ×G→ Mn(R) be bounded
continuous functions such that ||A|| ∨ ||ψ|| ≤ 1. There exists a bounded
linear operator SA,ψ on Lp(G), 1 < p <∞, for which∫

G
SA,ψf (σ)g(σ)dσ

=

∫ ∞
0

∫
G

A(s, σ)∇Y (Psf )(σ) · ∇Y (Psg)(σ)dσds

+

∫ ∞
0

∫
G

∫
G

[(Psf )(στ)− (Psf )(σ)]

× [(Psg)(στ)− (Psg)(σ)]ψ(s, σ, τ)ν(dτ)dσds, (1.14)

for all f ,g ∈ C∞c (G).
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Theorem
(continued) Furthermore, for all f ∈ Lp(G) and g ∈ Lq(G), 1

p + 1
q = 1,∣∣∣ ∫

G
SA,ψf (σ)g(σ)dσ

∣∣∣ ≤ (p∗ − 1)‖f‖p ‖g‖q (1.15)

and
‖SA,ψf‖p ≤ (p∗ − 1)‖f‖p. (1.16)

To exhibit SA,ψ as a Fourier multiplier, we need to apply Plancherel’s
theorem within (1.14).
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Compact Lie Groups: Representations, Peter-Weyl
Theorem

From now on, G is a compact, connected Lie group.

Haar measure is bi-invariant and normalised to have total mass 1.

Let Ĝ be the unitary dual of G, i.e. the set of all equivalence classes
(modulo unitary equivalence) of irreducible representations of G.

The set Ĝ is countable and each π ∈ Ĝ is finite dimensional.

Hence there exists a finite dimensional complex Hilbert space Vπ,
having dimension dπ such that for each σ ∈ G, π(σ) is a unitary matrix.

We define the co-ordinate functions πij(σ) = π(σ)ij for
σ ∈ G,1 ≤ i , j ≤ dπ. We have πij ∈ C∞(G).

Theorem (Peter-Weyl)

{
√

dππij ; 1 ≤ i , j ≤ dπ, π ∈ Ĝ} is a complete orthonormal basis for
L2(G,C).
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Hence there exists a finite dimensional complex Hilbert space Vπ,
having dimension dπ such that for each σ ∈ G, π(σ) is a unitary matrix.

We define the co-ordinate functions πij(σ) = π(σ)ij for
σ ∈ G,1 ≤ i , j ≤ dπ. We have πij ∈ C∞(G).

Theorem (Peter-Weyl)

{
√
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dππij ; 1 ≤ i , j ≤ dπ, π ∈ Ĝ} is a complete orthonormal basis for
L2(G,C).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 21 / 34



Compact Lie Groups: Representations, Peter-Weyl
Theorem

From now on, G is a compact, connected Lie group.

Haar measure is bi-invariant and normalised to have total mass 1.
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Fourier Multipliers

For each f ∈ L2(G,C), we define its non-commutative Fourier
transform to be the matrix f̂ (π) defined by

f̂ (π)ij =

∫
G

f (σ)πij(σ
−1)dσ,

for each 1 ≤ i , j ≤ dπ.

The Plancherel theorem takes the form∫
G

f (σ)g(σ)dσ =
∑
π∈Ĝ

dπtr(̂f (π)ĝ(π)∗), (1.17)

for f ,g ∈ L2(G,C). In particular if T is a bounded linear operator on
L2(G,C) we have∫

G
Tf (σ)g(σ)dσ =

∑
π∈Ĝ

dπtr(T̂f (π)ĝ(π)∗). (1.18)
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dπtr(̂f (π)ĝ(π)∗), (1.17)

for f ,g ∈ L2(G,C).

In particular if T is a bounded linear operator on
L2(G,C) we have∫

G
Tf (σ)g(σ)dσ =

∑
π∈Ĝ
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We say that the operator T is a Fourier multiplier if for each π ∈ Ĝ
there exists a dπ × dπ complex matrix mT (π) so that

T̂f (π) = mT (π)̂f (π).

(1.19)

We call the matrices (mT (π), π ∈ Ĝ) the symbol of the operator T .
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Casimir Spectrum

Given π ∈ Ĝ we obtain the derived representation dπ of the Lie
algebra g from the identity

π(exp(X )) = edπ(X),

for each X ∈ g.

Then dπ(X ) is a skew-hermitian matrix acting in Vπ.

From now on {X1, . . . ,Xn} will be an orthonormal basis for g with
respect to a given (Ad-invariant) metric on G. We define the Casimir
operator Ωπ by Ωπ :=

∑n
i=1 dπ(Xi)

2.

Then Ωπ = −κπIπ where Iπ is the identity matrix acting on Vπ and
κπ ≥ 0.

The Laplace-Beltrami operator ∆ =
∑n

i=1 X 2
i is an essentially

self-adjoint operator in L2(G,C) with domain C∞(G,C) having discrete
spectrum with

∆πij = −κππij , (1.20)

for all π ∈ Ĝ,1 ≤ i , j ≤ dπ.
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Then the heat semigroup Pt = et∆ satisfies

Ptπij = e−tκππij , (1.21)

for all t ≥ 0, π ∈ Ĝ,1 ≤ i , j ≤ dπ.

Hence for f ∈ L2(G),

P̂t f = e−tκπ f̂ (1.22)
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Operators of Laplace-Transform Type

Put ψ = 0 and a = 2I so φ is a Brownian motion with generator ∆. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f ,g ∈ C∞(G),∫

G
SAf (σ)g(σ)dσ = 2

∫ ∞
0

∫
G

A(s)∇X (Psf )(σ) · ∇X (Psg)(σ)dσds,

= −2
∫ ∞

0

∫
G

A(s)∆P2sf (σ)g(σ)dσds.

= 2
∫ ∞

0
A(s)

∑
π∈Ĝ

dπκπe−2sκπ tr(̂f (π)ĝ(π)∗)ds.

Hence for all π ∈ Ĝ we have

ŜAf (π) =

(∫ ∞
0

2κπe−2sκπA(s)ds
)

f̂ (π) (1.23)

and SA is an operator of Laplace transform-type. It is clearly a Fourier
multiplier in the sense of (1.19).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 26 / 34



Operators of Laplace-Transform Type

Put ψ = 0 and a = 2I so φ is a Brownian motion with generator ∆. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f ,g ∈ C∞(G),∫

G
SAf (σ)g(σ)dσ = 2

∫ ∞
0

∫
G

A(s)∇X (Psf )(σ) · ∇X (Psg)(σ)dσds,

= −2
∫ ∞

0

∫
G

A(s)∆P2sf (σ)g(σ)dσds.

= 2
∫ ∞

0
A(s)

∑
π∈Ĝ
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ŜAf (π) =

(∫ ∞
0

2κπe−2sκπA(s)ds
)

f̂ (π) (1.23)

and SA is an operator of Laplace transform-type. It is clearly a Fourier
multiplier in the sense of (1.19).

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 26 / 34



Operators of Laplace-Transform Type

Put ψ = 0 and a = 2I so φ is a Brownian motion with generator ∆. Let
A = A(t) be a function only of time.
Then (1.14), integration by parts and (1.18) yields for all f ,g ∈ C∞(G),∫

G
SAf (σ)g(σ)dσ = 2

∫ ∞
0

∫
G

A(s)∇X (Psf )(σ) · ∇X (Psg)(σ)dσds,

= −2
∫ ∞

0

∫
G

A(s)∆P2sf (σ)g(σ)dσds.

= 2
∫ ∞

0
A(s)

∑
π∈Ĝ
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A special case of particular interest is obtained by taking

A(s) =
(2s)−iγ

Γ(1− iγ)
I, where γ ∈ R.

In this case an easy computation

shows that the symbol is mSA(π) = κ−iγ
π and so SA = (−∆)iγ is an

imaginary power of the Laplacian.

Corollary
For 1 < p <∞, f ∈ Lp(G), we have

‖(−∆)iγ f‖p ≤
p∗ − 1
|Γ(1− iγ)|

‖f‖p. (1.24)

We have many examples when A = 0 and the contribution is from the
non-local part of the process. One class of such examples is obtained
by subordination of Brownian motion.
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Multipliers via Subordination

In this section we will consider an operator of the form Sψ := S0,ψ
which is built from the non-local part of the Lévy process.

To this end, let (T (t), t ≥ 0) be a subordinator, i.e. an almost surely
non-decreasing real-valued Lévy process (so T (t) takes values in R+

with probability one for all t ≥ 0) .

Then we have
E(e−uT (t)) = e−th(u)

for all u > 0, t ≥ 0 where h : (0,∞)→ R+ is a Bernstein function for
which limu→0 h(u) = 0.

Hence h must take the form

h(u) = cu +

∫
(0,∞)

(1− e−uy )λ(dy) (1.25)

where c ≥ 0 and λ is a Borel measure on (0,∞) satisfying∫
(0,∞)(1 ∧ y)λ(dy) <∞.
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It is well-known that if φ is a Lévy process in G and (T (t), t ≥ 0) is an
independent subordinator with Bernstein function h then the process
φT = (φT (t), t ≥ 0) is again a Lévy process in G where

φT (t) := φ(T (t))

for all t ≥ 0.

We denote the law of T (t) by ρt , for each t ≥ 0.

Let (Pt , t ≥ 0) be the semigroup of convolution operators on C(G) that
is associated to the process φ and (Ph

t , t ≥ 0) be the corresponding
semigroup of convolution operators associated to the process φT . We
have

Ph
t f (σ) =

∫
(0,∞)

Psf (σ)ρt (ds) (1.26)

for all t ≥ 0, f ∈ C(G), σ ∈ G. In the sequel we will always take φ to be
Brownian motion on G.
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t , t ≥ 0) be the corresponding
semigroup of convolution operators associated to the process φT . We
have

Ph
t f (σ) =

∫
(0,∞)

Psf (σ)ρt (ds) (1.26)

for all t ≥ 0, f ∈ C(G), σ ∈ G. In the sequel we will always take φ to be
Brownian motion on G.
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Theorem

If (Pt , t ≥ 0) is the heat semigroup on G then for all
f ∈ C(G), π ∈ Ĝ, t ≥ 0,

P̂h
t f (π) = e−th(κπ) f̂ (π).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

P̂h
t f (π) =

∫
G

∫
(0,∞)

Psf (σ)ρt (ds)π(σ−1)dσ

=

∫
(0,∞)

(∫
G

Psf (σ)π(σ−1)dσ
)
ρt (ds)

=

∫
(0,∞)

e−sκπρt (ds)̂f (π)

= e−th(κπ) f̂ (π). 2
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P̂h
t f (π) = e−th(κπ) f̂ (π).

Proof. Using Fubini’s theorem we have from (1.26) and (1.22)

P̂h
t f (π) =

∫
G

∫
(0,∞)

Psf (σ)ρt (ds)π(σ−1)dσ

=

∫
(0,∞)

(∫
G

Psf (σ)π(σ−1)dσ
)
ρt (ds)

=

∫
(0,∞)

e−sκπρt (ds)̂f (π)

= e−th(κπ) f̂ (π). 2

Dave Applebaum (Sheffield UK) Martingale transform and Lévy Processes on Lie Groups July 2012 30 / 34



So the generator of (Ph
t , t ≥ 0) is −h(−∆),

e.g. if h(u) = uα for 0 < α < 1 then

−h(−∆) = −(−∆)α.

We now take A = 0 in (1.14) and take the Lévy process to be of the
form φT as just described. For simplicity we also assume that ψ only
depends on the jumps of the process and so we write ψ(τ) := ψ(·, ·, τ)
for each τ ∈ G.∫

G
Sψf (σ)g(σ)dσ =

∫ ∞
0

∫
G

∫
G

[(Ph
s f )(στ)− (Ph

s f )(σ)] (1.27)

× [(Ph
s g)(στ)− (Ph

s g)(σ)]ψ(τ)ν(dτ)dσds
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Now using (1.18) and Proposition 7 we obtain∫
G

Sψf (σ)g(σ)dσ

=

∫ ∞
0

∫
G

∑
π∈Ĝ

dπe−2sh(κπ)tr[(π(τ)− Iπ )̂f (π)ĝ(π)∗(π(τ)∗ − Iπ)]

× ψ(τ)ν(dτ)ds

=

∫
G

∑
π∈Ĝ

dπ
1

2h(κπ)
tr[(2Iπ − π(τ)− π(τ)∗)̂f (π)ĝ(π)∗]ψ(τ)ν(dτ)

and so Sψ is a Fourier multiplier with

mSψ(π) =
1

2h(κπ)

∫
G

(2Iπ − π(τ)− π(τ)∗)ψ(τ)ν(dτ), (1.28)

for π ∈ Ĝ.
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From Theorem 3 we obtain

Corollary
Let Sψ be the operator with Fourier multiplier given by (1.28). If
‖ψ‖ ≤ 1, then

‖Sψf‖p ≤ (p∗ − 1)‖f‖p, (1.29)

for all 1 < p <∞, f ∈ Lp(G).

We can also obtain examples of multipliers generated by Lévy
processes on Rn as in

R.Bañuelos, K.Bogdan, J. Funct. Anal. 250, 197(2007) and

R.Bañuelos, A.Bielaszewski, K.Bogdan, Marcinkiewcz Centenary
Volume, Banach Center Publications, 95, 9(2012).
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Vielen Dank für Ihre
Aufmerksamkeit.

Thank you for listening.
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